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Abstract: A modification of the Maxwell equations due
to the presence of a gravitational field was formerly pro-
posed for a scalar theory with a preferred reference frame.
With this modification, the electric charge is not con-
served. The aim of the present work was to numerically
assess the amount of charge production or destruction.
We propose an asymptotic scheme for the electromag-
netic field in a weak and slowly varying gravitational field.
This scheme is valid independently of the theory and
the “gravitationally-modified" Maxwell equations. Then
we apply this scheme to plane waves and to a group of
Hertzian dipoles in the scalar ether theory. The predicted
amounts of charge production/destruction discard the for-
merly proposed gravitationally-modified Maxwell equa-
tions. The theoretical reason for that is the assumption
that the total energy tensor is the sum of the energy tensor
of the medium producing the electromagnetic (e.m.) field
and the e.m. energy tensor. This means that an additional,
“interaction" tensor has to be present. With this assump-
tion, the standard Maxwell equations in a curved space-
time, which predict charge conservation, are compatible
with the investigated theory. We find that the interaction
energy might contribute to the dark matter.

Keywords: Maxwell equations, curved spacetime, pre-
ferred reference frame, charge conservation, dark matter

PACS: 04.40.-b, 04.50.-h, 04.80.Cc

1 Introduction and summary

Since the standard Maxwell equations apply in special rel-
ativity i.e. in a flat Minkowski spacetime, any theory of
gravitation with a curved spacetime has to modify them,
while ensuring that the modification reduces to the stan-
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dard form in the particular case of flat spacetime. In a fore-
going work [1], such a modification of the Maxwell equa-
tions in a gravitational field has been proposed for a scalar
theory with a preferred reference frame, or (in short) with
an “ether". (That theory is compatible with special relativ-
ity, however, and has passed a number of tests; see the In-
troduction of Ref. [1], where the motivations for the the-
ory are also displayed.) It turns out that this modification
leads to a violation of charge conservation if the gravita-
tional field is time-dependent in the preferred frame [1].
However, the amount of that violation, which is the really
important thing, could not be assessed at that stage.

The purpose of the present work, therefore, was to
provide such assessment on a solid basis. To begin with,
Section 2 summarizes the equations for the electromag-
netic (e.m.) field in the theory, as given in Ref. [1]. Then
Section 3 establishes the exact equations for charge pro-
duction/destruction which result from those equations. In
Section 4, we build an asymptotic approximation scheme
for the electromagnetic field in a weak and slowly-varying
gravitational field. This scheme has a general value, its
main equations being valid for quite any theory of gravita-
tion with a curved spacetime and the corresponding mod-
ification of the Maxwell equations. By using this scheme,
in Sect. 5 we obtain an explicit expression for the charge
production rate that results from the investigated modi-
fication of the Maxwell equations in a gravitational field.
We assess the time variation of the Newtonian potential
and gravity acceleration, which enter that expression. We
apply this to a plane wave in Sect. 6, and to a group of
Hertzian dipoles in Sect. 7, thus getting figures. To do that,
we follow a domain close to the source of the e.m. field in
its motion through the “ether" of the theory and we inte-
grate the charge production rate in small subdomains, us-
ing Lorentz transformations forth and back between the
moving frame and the ether. It turns out that, for a reason-
able velocity through the ether, the amounts thus assessed
seem much too high to be compatible with the experimen-
tal facts.

In Sects. 8 and 9, we find the theoretical reason for
this failure of the formerly proposed modification of the
Maxwell equations in the investigated theory of gravita-
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tion: it is the assumption that the sum of two energy ten-
sors, that of the charged medium and that of the e.m.
field, is the total energy tensor which obeys the dynamical
equation in a gravitational field. This assumption indeed
leads to theoretical conclusions which cannot be generally
true. Thus the only solution to this problem is to abandon
this assumption, which means to introduce an additional,
“interaction" tensor (Sect. 9). Then, the Maxwell equa-
tions in a gravitational field are not determined any more
by the equation for continuum dynamics satisfied by the
charged medium subjected to the Lorentz force. In particu-
lar, one may assume the standard gravitationally-modified
Maxwell equations used in general relativity, which, we
show in Appendix A, have a simple interpretation in the
framework of the investigated theory. Section 9 ends by
showing that, very generally, the gravitationally-modified
Maxwell equations remain compatible with the geometri-
cal optics of the theory, i.e., with the dynamics of a photon
subjected to a gravitational and a non-gravitational force,
which is detailed in Appendix B. Section 10 discusses the
meaning of our findings. In particular, we suggest that
the “interaction" tensor, which we find to be necessarily
present according to the present theory, should at least
contribute to the “missing mass" which has been invoked
to explain motion at a galactic scale.

2 Main equations for the e.m. field
in the scalar theory

In Ref. [1], the equations have been written in the Gauss
system of units, for simplicity. However, due to the fact that
in the Gauss units the Coulomb law is written as

Y
F=qq’r—3, )

in these units the charge dimension is Q = (ML3 T"2)z,
where M, L and T represent mass, length, and time, re-
spectively. This would introduce an undesirable coupling
when writing weak-field asymptotic expansions, for in fact
charge varies independently of mass, length, and time.
Therefore, while presenting now the main equations [1],
we rewrite them in the so-called SI units, i.e., in the “me-
ter, kilogram, second, Ampére" (MKSA) system. The elec-
tromagnetic field is defined by the antisymmetric space-
time tensor F: Fyy = —Fyy, that obeys the standard first
group of the Maxwell equations:

FAP,V+F}1V,/1+FV/LH =F/1y;v+Fyv;A+Fv/1;y =0. (2)
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The expression of the Lorentz force is !

i F! i v i dx¥
1 _ 0 1 _ 1
F‘qc<7+Fi?)‘qFﬂdT,; ®

Here v/ = dx//dtx (j = 1, 2, 3) is the velocity of the particle,
measured with the local time tx, with

dix

i =B, @

where t = x%/c is the coordinate time in a coordinate sys-
tem (x*) adapted to (or bound with) the preferred reference
fluid € assumed by the theory, and such that the synchro-
nization condition ~o; = 0 is true [1]; x = (x!); and (in any
such coordinates)

B = v70. (5)

Equation (3) may be rewritten in space-vector form as

F=qE+vAB), (arbi=e,;db", (6
where the electric and magnetic vector fields are the spa-
tial vector fields with components

i

E'= L

k_ ijk
ﬁ s B :—Ee” FU (7)
In Egs. (6) and (7), e;j is the usual antisymmetric spatial
tensor, its indices being raised or lowered using the spa-
tial metric g in the preferred frame &; in spatial coordinate

systems whose natural basis is direct, we have

i1
ik ﬁ Eijks (8)

with &;;, the signature of the permutation (i k) and

€ijk = /8 Eijks e

g = det(gy). €)

For a continuous charged medium, the electric charge den-
sity is defined as

pel = 8q/8V, (10)

where 6V is the volume element measured with the phys-
ical volume measure:

8V = Jgdxtdx?dx’. (12)
The 4-current is

T = po dxt/dtx. (12)

1 Greek indices vary from O to 3, Latin ones from 1 to 3 (spatial in-
dices). Semi-colon means covariant derivative using the connection
associated with the “physical" (curved) space-time metric, the latter
being denoted by ~. Indices are raised and lowered with the help of
this metric, unless explicitly mentioned otherwise.
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The Lorentz force density is written, in accordance with

(3), as _
. 1 .

fl= giv =F,J"

Dynamics of a test particle is defined by an extension

to curved spacetime of the special-relativistic form of New-

ton’s second law [2]. This applies to the non-interacting

particles that constitute a dust. The following dynami-

cal equation for a continuous medium with velocity field

v, subjected to a non-gravitational external force density

field f, has thus been derived for a dust from Newton’s sec-

ond law, and has been assumed to stay valid for a general

continuum [1]:

(13)

f.v

Tglvedium w = bO(Tmedium) + C.iﬁ’ (14)

;r‘;edium w o bl(Tmedium) +fl’

where Ty eqium i the energy-momentum tensor of the con-
tinuous medium and

DT = 57080 TV, BT =5 gguo T™.  (15)

For a charged continuum, f' is given by Eq. (13), and the
energy-momentum tensor Tcharged medium Nas to be substi-
tuted for T eqium- Then Eq. (14) for this medium can be
rewritten as:

TV

vV
charged medium ;v — b (T charged medium) + F* J*. (16)

It seems natural, almost obvious, to assume (i) that the to-
tal energy-momentum is the sum

T= Tcharged medium * Tfields (17)

where Tje1q is the energy-momentum tensor of the electro-
magnetic field [3, 4]:
T = (pr pAy Lowp phe) (18)
field = A ZV Ap Ho»
or

Tooa = (T2 ) = [P = P o, 19

F = (F*);

and (ii) that the total tensor T obeys the general equa-
tion (14) for continuum dynamics, without any non-
gravitational external force:

T, = b*(T). (20)

These two assumptions have indeed been made in Ref. [1].
Combining Eqgs. (16) and (20) using Egs. (17) and (18), one
derives

P = o [P (Tha) - F4 Y. @)
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where b¥ (Tgeq) is given by Egs. (15) and (18). Under the
two assumptions right above, this is the second group of
the gravitationally-modified Maxwell equations in the in-
vestigated theory — at least for the generic case where the
field tensor F is invertible (det F = det (F¥,) # 0). Indeed,
if the matrix (F¥,) is invertible, (21) is equivalent to

F*, = po (G*, b¥(Tgad) - J*), (GH)=(F")". (22)

(Note that G, like F, is an antisymmetric tensor, Gyy =
-Guv.)

3 Charge balance: exact equations

Due to the antisymmetry of F, we have F*},,, = 0, and we
get from Eq. (22):

p= (]y);y = (6% bv(Tﬁeld));y-

Thus, J§, = 0 — which, as is well known, means exact
charge conservation — is not true in general, according to
Eq. (22). To relate p with the charge production or destruc-
tion in some “substantial" domain Q of the charged con-
tinuum, we note that, in coordinates adapted to (or bound
with) this continuum €, we have

VEe = v U,
with ge = det(g;; ¢), g¢ being the spatial metric in the ref-
erence fluid €, v = det(yw), and U* = dx*/ds the four-

velocity field of the continuum. (We used the well-known
general relation [3]

(23)

(24)

¥ = ~Y008-) (25)

Therefore, noting pgl = 8q/8V ¢ the proper charge density,
we have

d _ [ 9(pzvEe) 3
0 Q
= c/(p;l UM /=y dx.
Q

The two equalities are true (only) in coordinates adapted to
C. However, the rightmost integral is invariant under any
change of the spatial coordinates, i.e., x"' = i(x°, (¥))).
Also the time coordinate x°, with t = x°/c, is arbitrary.
Thus we have in any coordinates x*:

d _ A —a3
il /) - [
Q

Q

@7

Of course the domain Q as well as its boundary depend on
t in general spatial coordinates x'.
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4 Weak field approximation

We assume that the system of interest, S, e.g. the solar sys-
tem or even only the Earth, has a weak and slowly varying
gravitational field. To take benefit of this, we use a post-
Newtonian (PN) approximation scheme that is in accor-
dance with the general principles of asymptotic analysis.
See Ref. [5], Sect. V, and references therein. To do this, we
conceptually associate with S a family (S;) of gravitating
systems, depending smoothly on a parameter A, so that the
fields can be assumed to have asymptotic expansions as
A — 0. In fact we need only low-order Taylor expansions
at A = 0, which necessarily exist if the fields indeed de-
pend smoothly on A. Our assumption of a weak field then
amounts to say that S corresponds to a small value of A,
say Ap < 1,50 S = S, . Thus we can use the asymptotic
expansions to approximate the values of the fields in that
system by neglecting the remainder term. Each system is
made of perfect fluids. The orders in A of the corresponding
fields: pressure, density, velocity, and the scalar gravita-
tional field V = —c?Logf with § = /700, are the same as in
aremarkable Newtonian similarity transformation [6, 7]. It
follows that by adopting [M], = A[M] and [T], = [T]/vA as
the new units for the system S, (where [M] and [T] are the
starting units of mass and time), all these fields become or-
der A°, and the small parameter A is proportional to 1/c?;
indeed A = (co/c;)?, where ¢y is the velocity of light in the
starting time unit [T], and c or c; is with the time unit [T],.
It thus becomes easy to derive asymptotic expansions. In
particular, we have [5]:

B=\A00=1-U/c*+0(c™. (28)

where U is the zero-order term in the expansion of V.
Moreover, the expansions are written in these A-dependent
units, in particular with the time T (the preferred time of
the theory [1, 5]) being counted with the unit [T], for the
system S,, thus (28) should be written more precisely:

B(A)(T, x)=1-U(T, x)/c% + O(cf‘). (29)

Note that U(T, x) is a coefficient in this asymptotic expan-
sion and thus does not depend on A. One may differenti-
ate the PN expansions like (29) with respect to the corre-
sponding time variable, here T = x°/c (as well as with re-
spect to the spatial coordinates x') [5]. This automatically
accounts for the slow time variation. By doing this in the
assumed wave equation for V, we obtain that U in Eq. (28)
or (29) obeys the Poisson equation with, on its r.h.s., the
zero-order term in the expansion of the active mass den-
sity, hence U is the Newtonian potential [5]. We obtain also
that for the spatial metric, assumed in the theory to have
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the form
g=-p"g° (30)
(with g° an invariable Euclidean metric), we have:
985 _ 20,08, + 0(c™) (31)
oT =%

(adopting Cartesian coordinates for the Euclidean metric
g° until the end of Sect. 7).

Regarding now the electromagnetic field: we assume
that the field tensor F, as well as the current 4-vector J,
also depend smoothly on A, hence they too admit low-
order Taylor expansions at A = 0 — but a priori we cannot
say anything about the order of the main terms, hence we
simply set (in the A-dependent time and mass units, see
above):

0 1
F=c" (F +c?F+ 0(c-4)> (32)

and
0 1

j=cm (] e o(c-“)> , 33
for some integers n and m (positive, negative, or zero).
Moreover, in contrast to the case with the gravitational
field, we do not assume that F is slowly varying (nor
weak, as witnessed by the arbitrariness of n). This means
that the expansions (32)—(33) are not PN ones but post-
Minkowskian (PM) expansions. We developed an asymp-
totic PM approximation scheme [8] using the same method
as the one we developed for the PN approximation [5, 7],
in particular the time T is counted with the unit [T], for
the system S, as is the case with PN expansions, but the
time variable now is x° = cT. 2 One may differentiate PM
expansions with respect to that new time variable. There-
fore, in the modified Maxwell equation (21), the term F"";V
is of order ¢" as is also the term F¥ 1 On the r.h.s., we note
that uo has dimension MLQ 2, hence with the mass unit
[M], = A[M] we have uo = pooA ™1, with pgo the value of pg
in the starting units. That is,

Mo = Moo € (34)

if we take co = 1 for the simplicity of writing. Thus the
r.h.s. of (21) is of order ¢™*™+2 while the Lh.s. is of order

2 LetSbe aself-gravitating system of perfect fluids producing a weak
gravitational field. The PM approximation associates with S a family
(S,) of systems for which the velocity field u® is order zero in A, not
order v/A, hence it does not fit with the Newtonian limit. Nevertheless,
it can be applied to a given such physical system S even if the fields
really are slowly time-varying: the latter assumption just is not used.
See the discussion in Ref. [8], §4.1. However, in the case of an e.m.
wave, we expect that it really is not varying slowly, of course.

Unauthenticated
Download Date | 1/23/18 9:27 AM



DE GRUYTER OPEN

¢%", hence we must have

m+n+2=2n, or m=n-2. (35)
From (15), (31), and (32), we get without difficulty
Hobu(Theq) = "2 01U (36)

0 9. 0i 2n-5
x [TV (u=0)or —T” (u=1)| +0(c™"™),

where, in accordance with (19), the matrix of the mixed

0 0 A
components T = (T")) is

0 0 0
T=-F%- %(ter)I. (37)

By entering the expansions (32)-(33) of F and J into (21)
using this, we get the lowest-order term in the weak-field
expansion of (21) as

0

0., Oy 0, 0,
FAF ,v:_]"OOF /1] . (38)

(We used also the identity F"V;V = (4 /—’yFAV,V)/ =7 [3] and
the fact that, from (25) and (30), we have

V=7 =1+0(c?).) (39)

Equation (38) is an exact equation for the expansion co-
0 0
efficient fields F and J, as is usual with an asymptotic ex-

0 0
pansion [7]. Hence, when the field matrix F = (FA,) is in-
vertible, that field is an exact solution of the flat-spacetime
Maxwell equation:
0 0
FY, = —pooJ . (40)

On the other hand, using (32), (36), and (39) in (23) gives
us
0 0. 0 .0,
p=c" oot [(G”O TV - GgH TO’) aTU} (41)

+0(c"),

u

0 0 0 0 0 0 0
where G = (G¥,) = F~'. Due to (32)-(33), F, G, T and J
do not have the physical dimensions of the corresponding
fields F, G, etc.. Therefore, in accordance with (32)-(33),
let us define

0 0
F1 = CnF and ]1 = Cm]. (42)

In view of (34) and (40), F; and J; are solutions of the flat-
spacetime Maxwell equation with the correct dimensions
in the SI units:

(F)™, = -uo U™ (43)

Charge conservation in a gravitational field in the scalar ether theory =— 881

0
Obviously, the matrix F; is invertible when F is, and its

0
inverse is Gy = ¢ "G. Also, from (34) and (37), the e.m.
T-tensor T, associated with F; by (19) is
2n-2 (T)'

T1 = UoocC (44)

With this, we can rewrite (41) as

p=c7 KG1 W i G M T, Of) aTU} E 0(c™®). (45)

Note that this is independent of the integers n and m in Egs.
(32)-(33).
Also note that, substituting (32) into the first group (2),

one finds that 2‘ and hence F; are also exact solutions of
(2). To use the result (45) so as to assess the charge pro-
duction that could be expected as a consequence of the
modified second group (21), we have conversely to assume
the following: Let F, and J; be solutions of the complete
flat-spacetime Maxwell equations, i.e., the first group (2)
and the second group (43). (Note that the first group (2) is
the same independently of the presence or absence of a
gravitational field.) In a given weak gravitational field, to
any such pair (F1, J1) there corresponds a unique solution
(F,J) of the first group (2) and the modified second group
(21), such that (Fq, J1) be the first terms in the PM expan-
sion of (F, J), i.e., we have (42). This is expectable from per-
turbative arguments.

5 Explicit expressions

To use (45) we need explicit expressions, in terms of the
components E! and B! of the electric and magnetic fields,
for the field matrix F = (F%,), the corresponding T-tensor
T, the inverse matrix G = (G"V) = F7', and the 4-vector e
with 3

et =GR T - GgHTY, (46)

3 Like in Sect. 4, the equations in this section are valid in spatial co-
ordinates that are adapted to the frame £ and, more specifically, are
Cartesian for the Euclidean spatial metric g°; and with the time co-
ordinate being x° = cT, the preferred time coordinate of the theory.
However, Egs. (47)—(52) are valid more generally in any Cartesian co-
ordinates for the flat spacetime metric ° that is built [5] with g° and
T. We use E; = E' and B; = B!, which means lowering the index i for
E and B with the spatial, Euclidean part of metric 4° in such Cartesian
coordinates.
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(We omit the index 1 used in (43)-(45).) We have

0 E1/C Ez/C E3/C
El/C 0 B3 -B;
Ez/C —33 0 Bl
E3/C Bz —B1 0

F=(F")= 47)

When detF # 0, the inverse matrix G = F~! has a known
expression for a general 4 x 4 matrix:

1

- [é ((trF)3 _3trFtrF? + 2trF3) I (48)

—% ((trF)2 - ter) + P2 trF—Fﬂ .

Here, F has the following block structure:

0 1
F=

where lis a 1 x 3 matrix (row) and a is a 3 x 3 antisymmet-
ric matrix. Clearly, tr F = 0. After computing F> in terms
of this block structure, one finds that F> has all diagonal
terms zero, so tr F> = 0, too. Using this in (47) and (48),
with Matlab Symbolic Toolbox we obtain for G' = (G"*)
the following matrix:

(49)

0

_ Bsc
By E1+B; E;+B3 E3
E;

_ By c
B; E1+BEZ E,+B3 E3
_ 2
B1 E1+B; E>+B3 E5
E

_ Bic
By E1+B; E;+B3 E3
3
0 By E1+B, E,+B3 E3
0

Bic
B1 E1+B; E;+B3 E5
By c _ Es
BiE+B, E;+B5 E5 +BEZ E,+B5 E5

—592C _ _ =
B E1+B; E>+B3 Es B E+B, E;+B5 E5
2 0

3 C 2 _ Ey
By E1+B; Ex+B3 E3 By E1+B3 E2+B3 E3 By E1+B; E;+B3 E3

(50)

(We checked that the product F.G is exactly the identity
matrix I.) For the combinations (45) of the T-tensor (19),
we get from (47) well-known results:

i Bi12c?+By’c?+B3? 2+ E1? + By + E5?

e 51
3 (1)
= Wheid,
0i _ ( _ByE;-ByE, BiEs-BsEi _BiE-By Ey
= ( CHo CHo C Mo ) - (52

Putting this in (46) using (50) gives us

0

B1® c*+B1 By ¢*+By B3? ¢?+By E12-By E22-By E3?+2 By E1 Ey+2 B3 E1 E3

2cuo (B1 E1+B; E>+B3 E3)
By% B, c*+2 By E1 Ey+B,> c*+By B3” ¢>~B, E1°+B; E»>~B, E3*+2 B3 E) E3

2 cuo (B1 E1+B;y E>+Bs3 Egg
Bi1% B3 ¢>+2 By E1 E3+By% B3 c*+2 By Ey E3+B3> ¢*~Bs E12-B3 E)*+B; E3*

2 cuo (B1 E1+B;y E>+B3 E3)

(53)

et =

Note that e® = 0 comes simply from the fact that B.(EAB) =
0. Thus (45) rewrites as

p=c> (eiaTU> ot o(c®). (54)
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To assess orU and o7(VU), we note that these time
derivatives must be evaluated in the preferred reference
frame & assumed by the theory, and that the system of in-
terest producing the e.m. field is expected to have a motion
through that “ether", with a velocity field v whose modu-
lus may be in the range 10-1000 km/s. In that situation,
the main contribution to 07U is that which is due to the
mere translation motion of the relevant astronomical body
— say the Earth — through &. Indeed, from the well-known
integral giving U in terms of the Newtonian (i.e., zero-order
PN) mass-energy density p, one gets exactly

dU/dT = orU+v.VU =0 (55)

if the system producing U has a rigid motion. In particu-
lar, it is exact for the self potential of a body whose motion
is rigid. This is true for the Earth to a very good approx-
imation, moreover the potential due to the Sun is nearly
constant also on Earth; the most important departure from
dU/dT = 0 should come from the Moon. For a rigidly ro-
tating spherical body, we have moreover

v.VU=V.VU, (56)

with V = a, a(T) being the center of the body. Thus to
a good approximation (except for an unexpectedly small
velocity V), largely sufficient to get an order-of-magnitude
estimate, we may consider the Earth as an isolated, rigidly
moving, spherically symmetric body. For such a body we
have:

orU =-V.VU = Gﬂr/fz(r)v.e,, r=[x-am|, 67)
e = (x-a(M)/r,
where .
M) = 4 / w2 p(u) du. (58)

0

Let us compute d7(VU), with VU = - GM0 e, To do that

r2

we may assume that a(T) = VT. We then get

0rvU = -G { [(VZT—V.X> (zm@ (59)
3M(r) M)V
0] e -1 )

On the r.h.s., the two terms inside the large parentheses
have the same order of magnitude as the last term inside
the braces. Moreover those two terms cancel one another
if the rotating spherical body is homogeneous. In that case

we thus have:
GM(r)
r3

orVU = V. (60)
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We shall use this approximation to get an order-of-
magnitude estimate. On the Earth’s surface, (57) gives

orU ~ gVy S 10V ~ 10° (MKSA) (61)
for V = 10km/s (10* MKSA),
and (60) gives
0rvVU ~gV/R, [07VU|~1.5x107% (MKSA) (62)

for V = 10km/s.

6 Case of a plane wave

Let us consider a general plane e.m. wave, whose propa-
gation direction may be assumed parallel to the Cartesian
basis vectori = 01:

E'=o, E=E(x1), B' -0, 63)

B=B(x1), cB=inE.

This is a solution of the flat Maxwell equations in vacuo.
The electric and magnetic fields are orthogonal for such a
wave. For the field matrix F = (F¥,), most generally, the
condition det F # 0 is equivalent to E.B = g(E, B) # 0 [1].
It follows that F is not invertible for a plane wave. But the
e.m. field

(E,B)=(E+E,B+B), (64)

with (E’, B') any constant e.m. field, is still a vacuum solu-
tion of the flat Maxwell equations depending only on x* —
in fact, it is still a “plane wave" to the same extent as (63).
For that field, generically, F is invertible. In that case, e
[Eq. (53)] is well defined and has efl- = 0, because (impos-
ing ' = Bt = 0) e! = 0 and e! = e/(x!). Neglecting the
term ce!(d7U) ; in view of (62) and the extreme small-
ness of the ¢~ factor, we thus get from (54) for the field
(64):

~

p=0 (Plane wave, C’Be"(aTU),i neglected).  (65)

Since this is independent of the constant e.m. field (E’, B'),
itremains true at the limit of a “pure" plane e.m. wave (63),
for which cB = i A E. However, the value of the neglected
term does depend on the constant e.m. field (E’, B), and
can be large if that field is very strong.
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7 Case of a group of Hertzian
dipoles

Hertz’s famous oscillating dipole is the electric charge dis-
tribution

Pel = Td,b,a) = —e_iwt dV(Sb (66)

(more exactly, pg; is thereal part of ther.h.s.). Here: b is the
dipole’s position; d is the dipole vector, and &}, is Dirac’s
measure at b. The associated 3-current is (the real part of
the r.h.s. in):

j=-iwde 5y, (67)

and the corresponding conserved 4-current is J = (cpq, j)-
The following electric and magnetic fields (or the associ-
ated field matrix (47)) provide an exact solution of the flat
Maxwell equations in the distributional sense, for that cur-
rentJ: 4

2
E-a {"7 (d - (E.d)?) cos ¢ (68)
5 s cos@ ksing
+[3(.d)E - d] <r73 + T) } ,
20k cosg sing
B—ak(r/\d)( : kr2>, (69)
w = —
k—?, @ = kr - wt.

Here, a = ;7 = 9x10°, o' = ;& ~ 2.39 x 107 (MKSA).
Thus, E.B = O since E is in the plane containing d and
t = (x - b)/ |x-Db|, while B « t A d. However, we may
consider a group of dipoles with different b’s and d’s, and
by adding the corresponding fields (68)-(69) we get exact
solutions of the flat Maxwell equations for which, generi-

cally, we have E.B # 0.

4 This solution can be easily found in the literature, e.g. Jackson [9],
McDonald [10], but whether or not it is an exact solution does not ap-
pear clearly. We can prove that it is an exact solution; here is a sum-
mary. In the Lorenz gauge, the vector potential A obeys the wave equa-
tion: A = poj ([9], Eq. (6.16)). For the case of a stationary source, the
integral solution A simplifies to Eq. (9.3) in Ref. [9]. The potential (9.3)
rewrites exactly as (9.11) [9]. When applied to the “Dirac current" (67),
we may easily show that (9.11) rewrites also exactly as (9.13). In turn,
(9.13) leads to the solution (68)—(69) [9]. That (9.3) applies to the singu-
lar current (67), can be checked from the general formula A = ugE*S,
with E the elementary solution of the wave operator that has sup-
port in the half-space x° > 0 of R* — that is the distribution given
by (E, h) = [ps h(|x|, %) dx/(47|x|), h € D(R*)[11]. That general
formula for A is here applied with S the current (67): as a distribution
acting on functions in D(R*), this current must be more precisely de-
fined as S = -iwd U ® 6y, with U the distribution on R associated
with the function ¢ — e @,
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We thus consider a group of dipoles that all are at rest
in a common frame &y moving uniformly at V with re-
spect to the preferred reference frame €. To calculate p in
the vicinity of those moving dipoles, we consider succes-
sively each cube C in a regular mesh of small cubes at rest
in &y. Each cube C is defined by |x' - ai’ < h/2, where

Xt (i =1, 2, 3) are Cartesian coordinates for the Euclidean
metric g’° that is the spatial part of the flat Minkowski met-
ric v° (Note 3) in the inertial frame &y. (We mean inertial
in the Minkowski space (V, 4°), with V the spacetime man-
ifold. The uniformity of V is meant in the same sense.) Ne-
glecting the O(c™>) remainder in (54), we have:

/ AT, X)X = ¢ 3 / (dorv) &x  (0)

Ce(T) Ce (D)

=c3 / go(e,n)aTU ds,
oC¢(T)

where C¢(T) is the cube C, as it appears at the time T in
the frame &, the latter being endowed with Cartesian co-
ordinates X' (i = 1, 2, 3) for the Euclidean metric g° (that
is the spatial part of metric ~° in the inertial frame &); we
denote X = (X'); n is the external normal (for the metric
g°) to the boundary oC¢ (T), and dS is the Euclidean sur-
face element. The Cartesian coordinates (X) = (X, Y, Z)
and (x!) = (x, y, z) that we consider are such that the Ox
axis coincides with OX and is parallel to V, so we are in the
conditions of a special Lorentz transformation Ly from &
to 8\/:

Ly : t =y(T-VX/c?®), x = w(X-VT),y=Y,z=2, (7))

with t the inertial time in the frame £y and ~y the Lorentz
factor.

Let x = (x, y, z) be a given point of the domain C that
is at rest in the frame Ey. At the time T of the preferred
inertial frame, that point corresponds in the frame € to a
spatial position X = (X, Y, Z) such that

(t,x) = Ly(T, X). (72)

The unknowns are X and the value ¢ of the time of €y. (Here
Y = yand Z = z from (71), so the unknowns are t and X.)
Equation (71) leads to

_ T W 73)
4%

F .

Knowing t and x we compute the sum of the fields (68)-
(69) from the different dipoles, which is thus got in the
moving frame €y, say E’, B’. We then transform the field
to the frame & by the inverse Lorentz transformation:

Ey=E', Ey =yy(E5 + VB3), E3 = yy(E3 - VBY), (74)
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By = By, By = yy(B) - VE5/c?),
B3 = vy(Bj + VE3/c?),

(75)

and hence can compute the components el ofe by Eq. (53).
We can thus calculate the surface integral on the r.h.s. of
(70). From (70), the value of the field at the center a of the
cube C is then approximately >

p(T,a) ~ e'n; orUds/(Py),  (76)

oCe(T)

since h>~y is the Euclidean volume of the rectangle paral-
lelepiped C¢ (T), deduced from the small cube C by Lorentz
contraction.

For three dipoles with d = 100nC.m, v = 100 MHz
(A = 3m), situated at < A from one another, we get
fields with moduli E < a few 10° V/m, B < 15T (in the
moving frame). With V = 10km/s, p(T, x) (counted in
electrons per period per cubic meter) then has peaks at
~ +2 x 108 e/m3/period. (The peaks are very sharp and
their values depend somewhat on the discretization. We
also integrated in time and the values keep very high.) This
seems untenable, even though the sign of the predicted
charge production alternates in space. Therefore, the ver-
sion proposed in Ref. [1] of the gravitationally-modified
second group of Maxwell equations, Eq. (21) here, looks
like being discarded.

8 The reason for the problem

So it seems that Eq. (21) is not the right Maxwell second
group of the theory. Why does this happen? As explained
in Sect. 2, Eq. (21) has been deduced [1], under two assump-
tions, from the general dynamical equation for a contin-
uum subjected to a non-gravitational external force den-
sity field f1, Eq. (14) — when the latter is applied to the case
that the continuum is a charged one and the external force
density f is the Lorentz force density (13). Those two as-
sumptions are:

(i) The total energy-momentum tensor is the sum T =
Tcharged medium t Tﬁeld-

5 We approximate the integral of w.n (with w a spatial vector field,
here w/ = e/97U) over an i face of the rectangle parallelepiped C¢ (T)
asl ~ +hh'(W(S1)+...+wi(S4))/ 4, where h and h’ are the rectangular
face’s sides and Sy (k = 1, ..., 4) are the vertices of that face. This
algorithm has been tested by applying it to simple vector fields, e.g.
w(x,y,2) = (-xy, xy, z%). As expected, we found that win; dS/h3,
thus calculated, approximates closely the value of divw = w{ i at the
centre a of a small cube C with side h.
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(ii) The total tensor T obeys the general equa-
tion for continuum dynamics, without any non-
gravitational force, Eq. (20).

As it has been noted in Ref. [1], Eq. (14) applied to
the charged continuum, plus Assumptions (i) and (ii), lead
straightforwardly, in view of the linearity of the depen-
dence b* = b¥(T), to

f.v
Tg(\e/ld w o bO(Tﬁeld) - E,

Tiiﬁ‘i-zld W bi(Tﬁeld) _fi-

77)

It is precisely this equation which, combined with Eq. (13)
giving the Lorentz force density and with the expression
(18) of the energy-momentum tensor, leads to the second
group (21) [1]. Now we observe that Eq. (77), has exactly
the form of (14), as applied not to the charged medium but
to the electromagnetic “field continuum" itself, if and only if
the density field of the non-gravitational external force on
the field continuum is given by

fi fl’leld =-f "= -f; éharged medium* (78)

In addition, we observe that Eq. (77); has exactly the form
of (14); as applied to the “field continuum", if and only if
the velocity field of that continuum is well-defined and ver-
ifies the following relation:

l:ﬁeld-Vﬁeld =-fv= _fcharged medium-vcharged medium> (79)
that is, with Eq. (78), if and only if

fcharged medium* (Vﬁeld - Vcharged medium) =0. (80)

The force density fz.q should represent the reaction of the
charged continuum to the Lorentz force exerted by the field
continuum. Thus (78) means the opposition of action and
reaction. Poincaré has shown that this does not apply to
“matter" (the charged medium, e.g. a Hertz oscillator), but
this was in the sense that matter emitting e.m. radiation
does not conserve its momentum unless one counts also
the momentum of the emitted e.m. field, i.e., the total mo-
mentum is in fact conserved [12]. In the present case, the
actio-reactio opposition suggested by Eq. (77), concerns
the charged medium on one hand and the e.m. field on
the other hand, thus it means that there is no net force on
the combined medium: “charged medium plus e.m. field"
(except for gravitation). This is consistent with the conser-
vation of the total momentum (in the absence of gravita-
tion). ¢ As to the velocity of the field continuum: there is

6 See §III.C in Ref. [5] for a discussion of the total momentum in the
presence of gravitation in the present theory.
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one situation for which it can be naturally deduced from
its energy-momentum tensor, namely the case that the
energy-momentum tensor is a tensor product, i.e. has the
bilinear form

™ = V¥V, (81)

Equation (81) is true for a dust made of ordinary matter
(that is composed of non-interacting particles with non-
zero rest mass, and that behaves as a perfect fluid with zero
pressure): for such an “ordinary dust" we have
™ =p" U*U", (82)

where p” > 0 is the proper rest-mass density, and where
U* = dx*/ds (83)

is the four-velocity field, so that (81) applies with V* =
\/p* U. For ordinary dust we deduce from (83) that the
coordinate 3-velocity is

i_dx _ddds U

V=g T dsdt S oo (84)
hence from (82)
X TOi
Lll =C W. (85)

The latter relation is not generally true for a continuous
medium, e.g. it does not apply to a perfect fluid if the pres-
sure is not zero; simultaneously, in that case, Eq. (81) is not
true either. But it is natural from the case of a dust to as-
sume that (85) applies to a continuous medium when Eq.
(81) is true. If one applies (85) to the energy-momentum
tensor Tgeq Of an e.m. field for which Eq. (81) is true, then
one finds from tr Tgeq = O that the velocity vgeq defined
with physical clocks, with components vk, = %ui, has
modulus c as determined with the physical space metric g
(1], Eq. (70)):

Vl%eld = 8(Vfields Veield) = c’. (86)

In turn, this is consistent with the fact that when (81) is
true we have a “dust of photons", which behaves so also
dynamically [1] (see Sect. 9 below). Moreover, it can be
proved that, in order that an e.m. field verify Eq. (81), it
is necessary and sufficient that this be a “null field", i.e.,
that both invariants be zero [1, 13]:

E’ =’ B%. (87)
In a coordinate system adapted to £ and such that, at the
event X considered, we have f(X) = 1 and g;(X) = 6;,
the tensor F has the form (47). It follows that T% is given
by (52) [in which now the indices of the components E! and
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B! have been lowered with the “physical" spatial metric g1,
and we get from this by (85):

Vielq = C(EAB)/ [EAB| = ck. (88)

Thus, vgeq = c¢ for an e.m. field whose T-tensor has the
form (81). Surprisingly, for such a “null field", both vgeq = €
and Eq. (80) are true, although vcharged medium < € and even
Vcharged medium << € in usual conditions. To see this, re-
member that f = fjrged medium iS the Lorentz force density,
given by

f=pg(E+VAB) (89)

(now we note again v = V¢harged medium fOr shortness). We
get from this and from (88):

f.v=pgE.v, f.Vgaq=cpe (VAB).k. (90)

By (87) and (88), we can take (at the event X) a spatial basis
(i, j, k) which is orthonormal for g and such that

E=cBi, B-=Bj. 91)
Setting v = v{i + v»j + v3K, we thus get:
E.v=cBvi, VAB-=Bk-vsi), (92)

c(vAB).k=cBv;.

That is, from (90), we have Eq. (80). Clearly, the foregoing
proof depends in an essential way on the assumption that
the e.m. field is a null field, so if that is not the case Eq.
(80) has no reason to apply. In fact for a general e.m. field
it is not clear at all how one should define its velocity field
Vfield-

In summary: the equation of continuum dynamics
(14) applied to the charged continuum, together with As-
sumptions (i) and (ii) above, imply Eq. (77) — from which
the discarded second group (21) follows. Equation (77);
has the form of the equation of continuum dynamics (14),
as applied to the “field continuum" having the energy-
momentum tensor (18), with the force density on the field
continuum being the opposite of the Lorentz force exerted
on the charged continuum by the field continuum, Eq. (78).
Moreover, Eq. (77); also has the form of the equation of
continuum dynamics (14), as applied to the “field contin-
uum", if the velocity of the field continuum is well defined
and its projection on the direction of the Lorentz force is
the same as that of the velocity of the charged continuum,
Eqg. (80). While Eq. (80) turns out to apply in the case of a
“null field", it has no reason to be true for a general e.m.
field, for which one does not even know how to define the
velocity field vge1q. So Eq. (77)1 has no reason to be true for
a general e.m. field.

DE GRUYTER OPEN

The latter is one conceptual reason, admittedly not
very strong, why Eq. (21) is not the right Maxwell second
group of the theory — in addition to the hard fact that it
leads to charge production/destruction at high rates. Re-
call that, at least for a dust, the equation of continuum dy-
namics (14) is derived from Newton’s second law, hence it
should apply to the charged medium. Thus to avoid Eq. (77)
and the discarded second group (21), either Assumption (i)
or Assumption (ii) has to be abandoned.

9 The solution of the problem

We can’t leave Assumption (ii), because the concept of a
“total" energy-momentum tensor obeying Eq. (20) is nec-
essary to the theory of gravitation. So it is Assumption (i)
that has to be abandoned. This means that there must exist
an additional energy-momentum-stress tensor, let us call
it the “interaction tensor", such that the total tensor obey-
ing Eq. (20) is given by

T= Tcharged medium t Tﬁeld + Tinter- (93)

We note that, in general, at an event X for which
Tcharged medium # 0, we have also Tgeq # 0, so that
we are in the presence of a mixture (in the precise sense
used in the theory of diffusion): the two constituents
of that mixture are the charged medium and the e.m.
field. It is then standard that indeed the effective energy-
momentum-stress tensor of the mixture as a whole is not
the sum of the energy-momentum-stress tensors of its con-
stituents [14, 15]. (It thus does not mean that there is an
additional medium present beyond the charged medium
and the e.m. field.) Now, given the necessary Assumption
(ii) and the equation of continuum dynamics (14), Eq. (21)
is equivalent to the opposite, i.e., to Assumption (i). This
is another conceptual reason why Eq. (21) is not the right
Maxwell second group of the theory.

With Eq. (93) replacing Eq. (17), it is clear that the
equation for continuum dynamics (14) applied to the
charged medium, together with Assumption (ii), do not im-
ply Eq. (77) any more; hence they do not determine the
modified Maxwell second group any more. Therefore, the
usual “gravitationally-modified" second group valid in GR
and in the other “metric theories of gravitation":

LR (94)

is not precluded any more, as it was before in the investi-
gated theory. We show in Appendix A that Eq. (94), as well
as the first group (2), can be written in terms of the spa-
tial metric and the local time in the synchronized preferred
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reference frame &, and then take nearly the usual form of
the flat-spacetime Maxwell equations for 3-vectors. Thus
the standard 2nd group (94) is well compatible with the
present theory. As is known, it leads to exact charge con-
servation. At the present stage, other forms of the modi-
fied Maxwell second group can not be excluded either, pro-
vided they would be found to lead to low-enough charge
production in usual situations. We will now show how the
compatibility with geometrical optics, which was proved
in Sect. 6 of Ref. [1] with the discarded second group (21),
holds true in a more general situation, with emphasis on
the case of the standard second group (94).

The main modification to be made to the argument
there, is that one needs to assume that an external force
density f5qq is indeed acting on the field continuum, as
the “reaction" of the charged medium to the Lorentz force
exerted on it by the field continuum. For the link with ge-
ometrical optics i.e. with Newton’s second law applied to
individual photons, we have only to consider the case of a
“null field", i.e. the case that the T-tensor (19) of the e.m.
field has the form (81). In that case, as shown in Ref. [1], the
spatial part (14), of the continuum dynamical equation is
equivalent to Newton’s second law for a “substantial” vol-
ume element of the field continuum, in the form ([1], Eq.
(25) with f’ = f for a dust): 7

6E 1 D [(6E
6F + C—zg =B Dt (?v) s (96)
where
1dx 1
SF=f6V, SE=T% 0V, v=--—=-u (97)
0 pdt — B

This equivalence is valid if the T-tensor has the form (81),
independently of the nature of the continuum. & Therefore,
as noted in Ref. [1], it is valid also for a null e.m. field, and
this indeed behaves as a “dust of photons". In Ref. [1], it
was also proved that the time part (14); of the continuum

7 Here the spatial vector gravity acceleration g is given by [1]

_ 2 gradgﬂ
B

with (grad,B)! = g¥B ; where (¢V) is the inverse matrix of matrix (gy),
and % is the relevant time derivative ensuring that Leibniz’ rule for
the derivation of a scalar product is verified [1, 2]. In terms of the T-
tensor, the coordinate velocity u is given by (85).

8 This was noted in Ref. [1], Sect. 6, though in the case that the
external force density field is f = 0. However, the proof given in
Ref. [1], Sect. 3.2, applies with the definitions p = T°/(B2c2) and
ul = cT0/T9 to a medium for which the T-tensor has the form (81),
independently of its nature, provided there is no force internal to this
continuum, f = f/.

(95)
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dynamical equation is equivalent to the energy equation.
The latter is transposed to a continuum from the following
form valid for a test particle [1]:
d(ER) (dEtﬁ) = E% +B°F.v,
While the proof of that equivalence in Ref. [1] was limited
to the case without external force density, i.e. the case that
f = 0in (96), it is straightforward to extend it to show that
(14), is equivalent to
d(6EB)
a4
in which §E and 6F are defined by Eq. (97). °
Thus, when the T-tensor of the e.m. field has the form
(81), the dynamics of a volume element that is followed in
its motion is just the same as that of an individual photon
subjected to the gravitation and to an external force (de-
tailed in Appendix B), and it may equivalently be defined
by the dynamical equation (14), as applied to the field con-
tinuum:

Fv=g(F,v) = gijFivj. (98)

6E % +B%6F.v, (99)

ov 0 fheld- Vaeld
Tfelq A b (Tgeq) + —5C5755,

cp
Thed v = D' (Thierd) + frela-

Note that in the latter equation we have always, in view of
(19):

(100)

HoThuq v ="F "W F - (101)

(This is Eq. (61) of Ref. [1], rewritten in the MKSA system.)
Therefore, with the standard second group (94), we get the
well-known equation

uv __ph A
Tﬁeld v -F A] : (102)
Invacuo (J# = 0), Egs. (100) and (102) give us:
_ 0V _ 30 fheld - Veld
0 = Thewa v = b (Thera) + T A (103)

0 = Theid ;v = D' (Thera) + fheld-

This shows that there must indeed be an external force
acting on the photon dust (the “reaction" to the Lorentz
force), in addition to the gravitation.

10 Discussion

The main conclusions of this work are as follows:

9 By the way, it is not difficult to check that Egs. (96)—(99) are covari-
ant under any change (110), thus including any change x’° = ¢(x°),
even though for (99) this has not been noted in Ref. [1].

Unauthenticated
Download Date | 1/23/18 9:27 AM



888 —— M. Arminjon

(i) The formerly proposed modification of Maxwell’s
second group in a gravitational field [1] in the in-
vestigated theory predicts unrealistically high rates
of production/destruction of electric charge. There-
fore, that gravitationally-modified Maxwell 2nd
group has to be discarded.

The theoretical reason for that is the former assump-
tion [1] according to which the total energy tensor
which obeys the dynamical equation in a gravita-
tional field (20), is the sum of the energy tensor of
the charged medium and that of the e.m. field, Eq.
(17). This assumption is not consistent with the fact
that these two media form a mixture and, in addi-
tion, has a consequence which has no reason to be
verified in general.

Therefore, one must assume an additional, “inter-
action" energy-momentum tensor, such that Eq. (17)
is replaced by Eq. (93). With this, Maxwell’s second
group in a gravitational field is less constrained, in
particular the standard version (94) valid in GR be-
comes well compatible with the investigated theory.
Also, one must assume that, at least for a null e.m.
field (which indeed can be considered as a continu-
ous medium with a well-defined velocity field, and
to which one may definitely apply Newton’s second
law of the present theory), there is a reaction force
exerted on the e.m. field by the charged medium.

(i)

(iii)

(iv)

Equation (93) means that the presence of usual matter pro-
ducing an e.m. field necessarily gives rise (according to the
present theory) to the presence of an additional kind of
energy, with energy tensor Tjner. The latter does not gen-
erally vanish outside the charged medium that emits the
e.m. field. If the standard 2nd group (94) is assumed, we
get immediately from (16), (20), and (102):

T

inter ;v

= b*(Tgeiq) + D" (Tiner)- (104)

Without the b*(Tjeq) term, this equation would be iden-
tical with the dynamical equation in a gravitational field
(20), with the energy tensor Ty, in the place of the total
tensor T. The time component of Eq. (104) rewrites as: 1©

(Tier)  * (Toer) ;= (08 D)0 TiRer + B (Tra), (105)
or
(106)

00 0j
(Tinter> 0 + (Tinter> j

= (Log B),0 (nger -p* Wﬁeld) .

10 One sees that by using Egs. (23) and (25) in Ref. [5] plus Egs. (15)
and (30) above. The second step uses also Eq. (51).

DE GRUYTER OPEN

Each of the two source terms on the r.h.s. is proportional to
the variation of the gravitational field in the preferred ref-
erence frame: (Log )0 ~ —c 207U in a weak field. How-
ever, the first term (with T2O,,) expresses the usual energy
conservation in the investigated theory: the conservation
of the total energy has just the same form as (106), without
the term involving Wgeq and with the total tensor T in the
place of Tj,e;. That usual energy conservation is a balance
between matter energy and gravitational energy [5]. Thus,
one may consider that the source of the interaction energy
really is the second term that is proportional to the e.m. en-
ergy Weead, Eq. (51). The e.m. energy should have grossly
an ellipsoidal distribution around the center of a galaxy,
which should be much less flat than the mass distribution
of the luminous objects, since the e.m. energy decreases
as 1/r* from each of these objects. Hence we may a pri-
ori expect that the same applies to the interaction energy
T2, Asis well known, to explain the motions at a galactic
scale one is led to assume a distribution of unseen, “dark"
matter, which should fill a “halo" around the center of a
galaxy or a cluster of galaxies. Therefore, it seems natural
to conjecture that the interaction energy, which is neces-
sarily present according to the present theory, is a contri-
bution to dark matter. This is worth a further investigation.

A Meaning of the standard
gravitationally-modified Maxwell
equations

First, let us observe that, with the definitions (7) for
the electric and magnetic fields, Maxwell’s first group (2)
can be rewritten almost exactly in the usual form of the
Maxwell-Gauss and Maxwell-Faraday equations, namely:
oB

aitx ,
the mere difference being thus in the use of the local time
@) (G.e., a% = [ﬁ 2) of the synchronized reference frame
& (i.e., voi = 0) and in the fact that the operators are defined
with the help of the spatial metric g in the frame &:

1 i
NG (\/‘?B ),i ’

i _ i gk
(rotgE)' = &' E|;,

divg B =0, rotgE = - (107)

divgB = B; = (108)

with |; the covariant derivative associated with g. Indeed,
as one easily checks from the definition (7), Eq. (107) coin-
cides with (2) in coordinates x* such that, at the event X
considered, we have

8ii(X) = 6;, g X)=0, BX)=1 (109)
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(see Eq. (24.14) of Fock [4]). Starting from one coordinate
system that is adapted to the preferred frame and that ver-
ifies the synchronization condition ~y; = O, one can get to
another one that in addition verifies (109), by a change

0 _ ¢(X0).

Since each of the two equations in (107) is invariant under
such a change, our statement is proved. In nearly the same
way, from the relation valid in any coordinates for the an-
tisymmetric tensor F*V:

X =it X%, x3), (110)

1
Ho_
F, = = (\/_VFHV>,V’ (111)
and using Eq. (25) for v, we find that the y = 0 compo-

nent of Eq. (94) [the standardly-modified second group]
rewrites as the Maxwell-Poisson equation in terms of met-
ric g:

divgE = poc’pel = (112)

— pel

€’
whereas the spatial components of Eq. (94) rewrite as a
space vector equation involving an additional term as com-

pared with the flat-spacetime Maxwell-Ampére equation:
(113)

where ji = J' and the spatial vector g is given by Eq. (95).
To rewrite (94) as (112) and (113), we use coordinates that,
in addition to (109), are such that

(9B/ox°)(X) = 0

The full set (109) and (114) can be fulfilled by a change
(110); cf. Ref. [3], around Eq. (85.18). Equations (112) and
(113) are invariant under a change (110). Note that the
derivation applies in any synchronized reference frame,
but the gravity acceleration vector (95) makes little sense
in a general situation unless one assumes the preferred-
frame dynamics of the investigated theory.

(114)

B Dynamics of a photon under
gravitational and
non-gravitational forces

Our extension of Newton’s second law has exactly the
same form for a mass particle and for a photon, i.e. [1, 2, 16]

1 D(Ev) _ 1 D(Ev)
c2 Dty ~ c2p Dt °
For a photon, we define E = hv, h being Planck’s constant
and v the frequency as measured with the local time: v =

(115)

E
F+?g

Charge conservation in a gravitational field in the scalar ether theory =— 889

dn/dtx = (1/B)dn/dt with n the number of periods. The
energy equation derived from (115) is also the same for a
mass particle and for a photon, i.e., Eq. (98). In the case
without an external force F, the proof has been given in full
for a mass particle in Ref. [16], and has been outlined also
in Ref. [16] for a photon. Here we give the proof with F for a
photon, for completeness. Equation (115) is equivalent to:

dE

2
Eg+c°F= E dtxv’

D tx (116)

whence by taking the scalar product g with v, using Leib-
niz’ rule verified [2, 16] by the D/Dt derivative:

d v2
ditx

c? for a photon and since v =

d—Evz—c F.v.

Egv=E— dt

117)

Since v? =
rewrites as

(1/B)u, this

E_ . ,(dE
Eg.u—c (dTX F.v). (118)
From (95), we have
_ 8(gradgBw) 2 dx!
g.ll— C T = F ’la (119)
dg _ 9B
B dt ot )"
Hence, (118) is
df oB\ _,dE
-E (dt §> —ﬁa B°F.v, (120)

whence follows Eq. (98).

Thus, for a photon, to deduce the energy equation
(98) from Newton’s second law (115), we used the property
v? = c2. Now we show that the energy equation allows us
to rewrite Newton’s second law in a form which ensures
that v2 = ¢? is indeed maintained at all times. Equation
(98) is equivalent to

/3—+E(aﬁ+ﬁ u) %wzp.v.

Removing the term present on both sides and using again
(119), this gives us

(121)

% = <F.v+ C%g.v) . (122)
With this, Newton’s second law (116) rewrites as
E£+(Fv+—gv)v Eg+c*F (123)
or o X
e = (gczv FE") v+ F. (124)
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It follows from the latter equation that
d (v’\ _Dv 5, 5 (gv Fv
i (7) =v.—=("-v)[2Z-+—=-]. (125

Dix " E

Note that all of this is true for a mass particle as well as
for a photon. Thus, if we have v> = ¢? at the initial time,
this condition is maintained at all times. In general rela-
tivity, the condition v?> = ¢? (i.e., ds®> = 0) for a photon is
not dynamically implied by the (geodesic) law of motion,
instead it is assumed from the outset as one considers a
“null geodesic".
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