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Abstract

In a general spacetime, the possible choices for the field of orthonor-
mal tetrads lead (in standard conditions) to equivalent Dirac equa-
tions. However, the Hamiltonian operator is got from rewriting the
Dirac equation in a form adapted to a particular reference frame, or
class of coordinate systems. That rewriting does not commute with
changing the tetrad field (uα). The data of a reference frame F fixes
a four-velocity field v, and also fixes a rotation-rate field Ω. It is nat-
ural to impose that u0 = v. We show that then the spatial triad (up)
can only be rotating w.r.t. F, and that the title problem is solved if
one imposes that the corresponding rotation rate Ξ be equal to Ω—or
also, if one imposes that Ξ = 0. We also analyze other proposals
which were aimed at solving the problem of the non-uniqueness of the
Dirac Hamiltonian.

1 Introduction

Dirac’s original equation is valid for a Minkowski spacetime in Cartesian
coordinates and involves four 4× 4 complex constant matrices, say γ\α (α =
0, ..., 3), which play the role of coefficients in this equation. These “Dirac
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matrices” generate the Clifford algebra associated with the Minkowski metric
ηαβ. I.e., they are assigned to obey the anticommutation relation:

γ\αγ\β + γ\βγ\α = 2ηαβ 14, α, β ∈ {0, ..., 3}. (1)

Here the matrix (ηαβ) ≡ diag(1,−1,−1,−1), and 14 is the identity matrix,
14 ≡ diag(1, 1, 1, 1). Any two solutions (γ\α) and (γ]α) of the basic relation
(1) should be equally valid sets of coefficients for Dirac’s original equation.
One can prove that the quantum-mechanical predictions of the Dirac equa-
tion in a Minkowski spacetime in Cartesian coordinates are indeed fully in-
dependent of the chosen solution (γ\α) [1].

In a general spacetime manifold V equipped with a Lorentzian metric g,
the Dirac equation has to be extended so that the Dirac matrices, say γµ

(µ = 0, ..., 3), obey the anticommutation relation with this metric g:

γµγν + γνγµ = 2gµν 14, µ, ν ∈ {0, ..., 3}, (2)

where (gµν) is the inverse matrix of the matrix (gµν) made with the compo-
nents gµν of g in a local coordinate system or chart χ : X 7→ (xµ), defined on
an open subset U of V. 1 Now the metric tensor g depends on the spacetime
position X ∈V, thus it is a tensor field. In Eq. (2), the components gµν

depend thus on the spacetime position, and so do the Dirac matrices γµ.
The dependence of the gµν ’s on the spacetime position implies that there is
a vast continuum of different possibilities for the γµ field, all being solutions
of the basic relation (2). In the standard extension of the Dirac equation
to a curved spacetime, which is due to Weyl and to Fock, and which will
be named the “Dirac-Fock-Weyl” equation (DFW for short), the γµ field is
defined from an orthonormal tetrad field; see Subsect. 2.2 below. The con-
nection used to define the covariant derivatives in the DFW equation depends
on the tetrad field in such a way that the equation is covariant under any
smooth change of this tetrad field, i.e., under any “local Lorentz transforma-
tion”: X 7→ L(X) ∈ SO(1, 3), depending smoothly on X ∈ V [2, 4]. (Except

1 The Dirac matrices γµ are thus defined locally and depend on the chart. In this
paper, we shall not discuss the relation between the Dirac matrices γµ, which are the
standard object introduced in the physics literature about the Dirac equation (see e.g.
Refs. [2, 3, 4, 5, 6, 7]), and the corresponding global chart-independent object, called
“fundamental spinor-tensor” by Lichnerowicz [8] and “spinor-tensor γ” by Dimock [9],
which is considered by mathematicians. This relation is discussed in detail in Ref. [10],
where that object is called “γ field”.
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for spacetimes that are not simply connected [11].)

However, the Hamiltonian operator H and the energy operator E, hence
the associated energy states, are got from rewriting the Dirac equation in
a form adapted to a particular reference frame. (The operator E coincides
with the Hermitian part of H [7, 12].) It is not a priori obvious that this
rewriting commutes with changing the coefficients γµ in the Dirac equation.
For the Dirac equation in a Minkowski spacetime with constant Dirac ma-
trices γµ, in Cartesian (or affine) coordinates, it happens to be the case
[1], essentially because the change of the matrices γµ does not depend on the
spacetime position. For a general spacetime, and in fact already if one applies
any “curved spacetime Dirac equation” to a Minkowski spacetime—even in
Cartesian coordinates—the γµ matrices and their admissible changes are al-
lowed to depend on the spacetime position. It follows from this that rewriting
the Dirac equation in a form adapted to a particular reference frame does not
generally commute with changing the γµ matrices in the Dirac equation. This
is the source of an actual non-uniqueness problem for the operators H and E.
One of the first manifestations of this problem was observed by Ryder [13].
He found that, for spherical coordinates whose azimuth angle φ expresses a
uniform rotation with respect to an inertial frame in a Minkowski spacetime,
the presence or absence of Mashhoon’s “spin-rotation coupling term” [14] in
the DFW Hamiltonian depends on the choice of the tetrad field. He “sug-
gest[ed] that it is a general result that the correct way of defining a rotating
frame is with reference to Fermi-Walker transport”. He did not mention a
non-uniqueness problem, however. Independently of that work, the condition
for the general Dirac Hamiltonian operator to be Hermitian was derived in a
general curved spacetime in Ref. [15]. It was found that, for DFW, the va-
lidity of this hermiticity condition depends on the choice of the γµ matrices.
It was noted that a uniqueness problem thus arises for the DFW equation,
even in a flat spacetime [15]. Thereafter, this problem was studied in detail
[12]. It was thus found that, among the admissible changes which may be
imposed to the field of Dirac matrices, the vast majority does not lead to
an equivalent Hamiltonian operator H, nor to an equivalent energy operator
E, whence a lack of uniqueness; and that even the Dirac energy spectrum is
not unique in a given coordinate system in a given spacetime (V, g). This
was found to apply [12] to the DFW equation, as also to the two alternative
Dirac equations in a curved spacetime, proposed previously [16].
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In two recent papers, Gorbatenko & Neznamov have proposed an at-
tempt at solving the hermiticity problem and the non-uniqueness problem
of the Hamiltonian associated with the standard Dirac equation in a curved
spacetime (DFW), first for a stationary gravitational field [17] and then for
a general gravitational field [18], by having recourse to pseudo-Hermitian
quantum mechanics. They are working in a fixed chart. Let us observe that,
for a stationary metric, it is easy to propose a solution of both the hermitic-
ity problem and the non-uniqueness problem: in view of Eq. (2), it is then
natural to take for γµ field one that does not depend on the coordinate time
t. This leads to a Hermitian Hamiltonian [7, 15]. Any two time-independent
γµ fields are related together by a time-independent local similarity, hence
([12], Eq. (48)) give rise to equivalent Hamiltonian operators. For a general,
time-dependent metric, Gorbatenko & Neznamov [18] propose to define a
unique Hermitian Hamiltonian operator Hη. It turns out that Hη is just the
energy operator obtained with what they call “the Schwinger tetrad”, i.e.,
an orthonormal tetrad (uα), of which each among the three “spatial” vectors
up (p = 1, 2, 3) has a zero “time” component, in the chart considered. (In
our notation, this writes a0

p = 0 (p = 1, 2, 3). Such tetrads were considered
in Refs. [12, 15], and their existence proof was outlined in Footnote 8 of Ref.
[12]. Note that the notion of a Schwinger tetrad depends thus on the chart
considered.) Their calculations are correct but, as is shown in Appendix C,
their conclusion that “For any system of tetrad vectors, after the specified
operations we will have one and the same Hamiltonian Hη” is incorrect. In
short, this is because, in a given chart, there are a lot of different tetrads
which are a Schwinger tetrad in that chart; and the energy operator in a
given chart still depends on the choice of the Schwinger tetrad, just as it
depends on the choice of the general tetrad.

In the present paper, a viable, physically motivated solution is presented
to the non-uniqueness problem of the Dirac Hamiltonian and energy opera-
tors. This solution works provided that the γµ field is defined from a tetrad
field and that the Dirac equation is covariant under any change of the tetrad
field. Both facts apply to the DFW equation. The proposed solution con-
sists in imposing that, at each spacetime point, the local angular velocity
tensor of the spatial triad (up), as we will define it in this paper, be equal
to the local angular velocity tensor of the reference frame, as it has been de-
fined by Weyssenhoff [19] and Cattaneo [20]. In Section 2, we summarize the
framework and the existing non-uniqueness problem. We emphasize there
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that both the Hamiltonian operator and the energy operator depend neces-
sarily and naturally on the reference frame, not only for the Dirac equation.
In contrast, the non-uniqueness problem is specific to the curved-spacetime
Dirac equation. It occurs in any given reference frame in any spacetime.
We also note that the data of a tetrad field is more than that of a reference
frame. In Section 3, we propose our solution. We recall the definition of
the local angular velocity tensor of a reference frame [19, 20]. Then we de-
fine the local angular velocity tensor of the spatial triad in an orthonormal
tetrad. We show that, by restricting the consideration to tetrad fields for
which the two rotation rates are equal, one defines unique Hamiltonian and
energy operators.

2 The non-uniqueness problem and its cause

2.1 The Hamiltonian operator and its dependence on
the reference frame

Consider a linear differential operator P acting on regular “wave functions”
ψ, which are defined over a spacetime manifold V, and whose values ψ(X)
at each point X ∈ V belong to some vector space EX of dimension m. (In
precise terms: each function ψ is a smooth section of some vector bundle E
of dimension m, with base V. We assume that P is an internal operator, i.e.,
Pψ is a smooth section of the same vector bundle E.) The explicit expression
of P depends on the chart χ : X 7→ (xµ) on V and on the “frame field” (ea)
on E, that is a smooth field of bases of E: X 7→ (ea(X)), with (ea(X)) a basis
of EX . By definition, the Hamiltonian operator associated with the linear
PDE

Pψ = 0 (3)

in a given chart χ and in a given frame field (ea), is a linear differential
operator H that: i) contains no derivative with respect to the coordinate
time t ≡ x0/c, and ii) is such that (3) rewrites equivalently as the Schrödinger
equation:

i
∂Ψ

∂t
= HΨ, (4)

where Ψ ≡ (Ψa)a=1,...,m is the column vector made with the components Ψa

of ψ in the frame field (ea). A such operator H does exist if (3) contains only
first-order time derivatives of the components Ψa, in such a way that the
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corresponding matrix M , entering the term MΨ,0 = (Ma
bΨ

b
,0) in the local

expression of Pψ, is invertible. In that case, the operator H is unique for a
given linear equation in a given chart on V, χ : X 7→ X ≡ (xµ), and in a given
frame field on E. In a different chart, say χ′ : X 7→ X′ ≡ (x′µ) = F(X), this
procedure gives rise to a different operator H′, which in general is not related
simply to H. Usually, the frame field on E is not changed as one changes the
chart on V. 2 Then, the column vector Ψ is left invariant in the change of
the chart: Ψ′(F(X)) = Ψ(X), hence Eq. (4) transforms as:

H′Ψ′ ≡ i
∂Ψ′

∂t′
= i

∂Ψ

∂xµ
∂xµ

∂t′
=
∂t

∂t′
HΨ + i

∂Ψ

∂xj
∂xj

∂t′
. (5)

It follows that H and H′ are independent, inequivalent operators, unless the
coordinate change is a purely spatial one [15], i.e., unless

x′0 = x0, x′j = f j((xk)). (6)

In that case, one gets from (5) the following invariance relation under the
change of chart:

∀X, (H′Ψ′)(F(X)) = (HΨ)(X). (7)

In words: the Hamiltonian acts as a unique operator inside any set of charts
which exchange by a purely spatial change (6). This is also true when Ψ
transforms as a true vector on a coordinate change [15].

The relation (6) between two charts is an equivalence relation for charts
which are all defined on a given open set U ⊂ V [21]. We call reference frame
an equivalence class F of charts for this relation, for a given open set U which
is the domain of F. Indeed, a such class defines a unique reference fluid in the
sense of Cattaneo [20], that is a three-dimensional congruence of time-like
world lines (observers): in any chart χ belonging to a given class (reference
frame) F, these world lines are the lines

xj = Constant (j = 1, 2, 3), X ≡ (xµ) ∈ χ(U). (8)

Note that the world lines of the congruence are very general, e.g. they are
not constrained to be geodesic lines of the metric g. Also note that chang-
ing the coordinate system does in general change the reference frame and

2 However, when E is the complexified tangent bundle TCV, the frame field on it can
be taken to be the natural basis (∂µ) associated with the chart. Then, on changing the
chart, the frame field is changed to the new natural basis (∂′µ), and Ψ transforms as a true
vector [10]. This corresponds with the “tensor representation of the Dirac fields” [15, 16].
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indeed changes the explicit expression of the physical laws — in particular
through the intermediate of the explicit values of the Christoffel symbols.
For instance, by going to a “local freely-falling” coordinate system, we may
locally cancel the attraction of gravitation. As another example, going from a
Cartesian coordinate system in a Minkowski spacetime to a uniformly rotat-
ing coordinate system makes appear specific values of the Christoffel symbols,
which express the presence of inertial forces. (In the non-relativistic limit,
these are the centrifugal and Coriolis forces.) The coordinate transforma-
tions are passive transformations, in the sense that they do not change the
intrinsic geometrical objects in the spacetime. Nevertheless, the observers
whose world lines are bound to a coordinate system according to Eq. (8)
have physical experiences which do depend on that coordinate system, or
more exactly on the associated reference fluid. Our definition of a reference
frame as an equivalence class of charts modulo the relation (6) accounts for
the fact that the changes (6) leave us in the same reference frame [21].

It follows from the relation (6) that a world line x ⊂ V, whose expression
is (8) in a chart belonging to a given class F, has the same expression (with
primes, except for U) in any other chart χ′ ∈ F [21]. Let M be the set of
the world lines (8), thus defined from a reference frame F. 3 Let χ ∈ F be
any chart belonging to the class F. Consider the mapping which associates
with any world line x ∈ M, the triad of its constant spatial coordinates in
the chart χ:

χ̃ : M→ R3, x 7→ x ≡ (xj). (10)

The set M is naturally equipped with a structure of three-dimensional dif-

3 The world-lines (8) and their set M are left unchanged, not only under a purely spatial
change of the coordinates, Eq. (6), but also under a general change of the time coordinate,
x′0 = f((xµ)). Thus, our definition of a reference frame as an equivalence class of charts
modulo the purely spatial changes (6) involves fixing a reference fluid and fixing a time
coordinate. This additional fixing is imposed by the fact that the Hamiltonian operator
(and indeed also a classical Hamiltonian) does depend on the choice of the time coordinate,
see Eq. (5). Being a congruence of world lines, a reference fluid is coordinate-independent.
However, one may consider special charts, in which the world lines of the congruence have
the form (8). Such charts are called adapted to the reference fluid. If there exists such
charts, two of them exchange by [20]:

x′0 = f((xµ)), x′j = f j((xk)). (9)
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ferentiable manifold, for which any mapping χ̃, with χ ∈ F, is a global chart
of M [21]. We call M the space manifold associated with the reference frame F.

Thus, the Hamiltonian operator naturally depends on the reference frame.
The argument given above does not depend on a particular wave equation.
This dependence imposes that, if we wish to define a unique Hamiltonian
operator for the Dirac equation, then we have first to fix the reference frame.
Note that the data of a chart χ, with its domain U (an open set), determines
a unique reference frame: the equivalence class F of χ modulo the purely
spatial changes (6). If U = V, the chart χ and the associated reference frame
F are global. There exists a global chart, iff V is diffeomorphic to an open
subset of R4. This is true even for Gödel’s spacetime, however “pathological”
it may look. However, for the sake of generality, we will not assume that
there exists a global chart. The price to pay is that, if U 6= V, a world line
(8) is not necessarily a connected set.

2.2 Tetrad fields and spin transformations

As was indicated in the Introduction, the non-uniqueness of the Dirac Hamil-
tonian comes from the fact that there is a vast continuum of different possibil-
ities for the γµ field, all being solutions of the basic relation (2). In this paper,
we will restrict ourselves to the case where the γµ field is defined from an
orthonormal tetrad field (uα). Given some local chart χ : X 7→ (xµ),U→ R4,
one may express the vectors uα in the natural basis (∂µ) as uα = aµα ∂µ. The
definition of the γµ field is then written locally (for X ∈ U) as:

γµ(X) = aµα(X) γ\α, (11)

see e.g. Refs. [2, 4]. The orthonormality condition of the tetrad writes

g(uα, uβ) = gµν a
µ
α a

ν
β = ηαβ. (12)

Equations (1) and (12) imply that the γµ field defined by (11) satisfies the
anticommutation relation (2). The orthonormality condition (12) remains
satisfied if we change the tetrad field by applying to the starting one a local
proper Lorentz transformation L : V→ SO(1, 3), X 7→ L(X):

ũβ = Lαβ uα = ãµβ ∂µ, ãµβ = aµα L
α
β. (13)
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The new tetrad field ũβ is associated by Eq. (11) with a new field of Dirac
matrices, γ̃µ ≡ ãµβγ

\β. Just because that new field also satisfies the anti-
commutation relation (2), we know that it can be deduced from the former
one γµ by a local similarity transformation [22], X ∈ V 7→ S(X) ∈ GL(4,C),
which is unique up to a complex scalar λ(X) [1]:

γ̃µ = S−1γµS, µ = 0, ..., 3. (14)

However, here the local similarity S corresponds to a change of the tetrad
field by a local Lorentz transformation, Eq. (13). It follows that, at each
spacetime point X, we can take the 4 × 4 matrix S(X) in the spin group
Spin(1, 3) and such that

(∀X ∈ V) Λ(S(X)) = L(X), (15)

where Λ : Spin(1, 3)→ SO(1, 3) is the two-to-one covering map of the special
Lorentz group by the spin group. See e.g. [11]. In other words, we can take
S(X) = ±S(L(X)), where L 7→ ±S(L) is the spinor representation (which
is defined only up to a sign, contrary to the covering map of which it is the
“inverse”) [15]. We will call “spin transformation” a smooth local similarity
transformation S taking values in Spin(1, 3). With any spin transformation
S, Eq. (15) associates a smooth local Lorentz transformation L. Conversely,
depending on the topology of the spacetime V, all smooth local Lorentz
transformations L, or only a subclass of them, can be “lifted” to a spin
transformation S such that Λ ◦ S = L [11].

2.3 Non-uniqueness of the Dirac Hamiltonian

The starting Hamiltonian operator H, before application of a local similarity
transformation, is got by rewriting the Dirac equation as the Schrödinger
equation (4). Suppose that some form of the Dirac equation is covariant
under the local similarity transformation S, which is applied to the Dirac
matrices according to Eq. (14), and simultaneously to the wave function ψ
(or rather to the column matrix Ψ of its components) according to

Ψ̃ = S−1Ψ. (16)

Then, the new Hamiltonian operator H̃ is got by inserting the change of un-
known function (16) into (4) and by rewriting this as a Schrödinger equation
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for Ψ̃. This gives immediately

H̃ = S−1HS − i S−1∂tS. (17)

On the other hand, it is fairly obvious that the two operators H and H̃ are
mathematically and physically equivalent iff

H̃ = S−1 HS. (18)

It is indeed easy to prove [12] that, under this condition only, all scalar
products are equal, i.e., for all Ψ,Φ in the domain D of H

(H̃ Ψ̃ |̃ Φ̃) = (H Ψ | Φ). (19)

(The relevant scalar product ( | ), Eq. (24) below, is modified by the appli-

cation of a local similarity transformation, becoming ( |̃ ) [12].) In particular,

the operators H and H̃ have then the same spectrum.

By comparing (17) and (18), we see that a local similarity transformation
S, under which the Dirac equation is covariant, provides us with a Hamilto-
nian operator that is physically equivalent to the starting one, iff

∂tS = 0, (20)

that is, iff the similarity S is independent of the time t ≡ x0—in the reference
frame F which is considered, see the end of Subsect. 2.1. Whence follows the
non-uniqueness of the Dirac Hamiltonian [12].

In Ref. [12], Eqs. (17) and (20) were established specifically for the DFW
equation, by using the explicit form of the DFW Hamiltonian and its change
after a spin similarity. Here, we see that they depend only on the covariance
of the Dirac equation under the similarity, or equivalently on the invariance
of the corresponding Lagrangian density:

l =
√
−g i

2

[
Ψγµ(DµΨ)−

(
DµΨ

)
γµΨ + 2imΨΨ

]
, (21)

where Ψ ≡ Ψ†A, with Ψ† denoting the complex conjugate transpose of Ψ, and
similarly DµΨ ≡ (DµΨ)†A. (Here, A is the hermitizing matrix [22, 1, 15].)
Indeed, the DFW equation as well as all alternative forms of the curved

10



spacetime Dirac equation proposed recently [16, 10], all derive from this
Lagrangian [10]. One may check that, in order that the Lagrangian (21) be
invariant under the similarity (14), (16), it is necessary and sufficient that the
connection matrices Γµ, which define the covariant derivatives Dµ = ∂µ+Γµ,
transform as

Γ̃µ = S−1ΓµS + S−1(∂µS). (22)

(The matrices Γµ for DFW do follow the rule (22) if the local similarity S is
specifically a spin transformation [4].) Therefore, if we impose on some form
of the Dirac equation that the connection matrices change according to Eq.
(22) after a local similarity, then that form transforms covariantly. 4 So that
the new Hamiltonian is (17), thus is physicall equivalentto the starting one
iff the similarity does not depend on time.

2.4 Non-uniqueness of the Dirac energy operator

In the case of time-dependent fields, the Dirac Hamiltonian H is generally
not Hermitian [7, 15]. Then, the relevant spectrum is that of the Hermitian
part of H:

E = Hs ≡ 1

2
(H + H‡), (23)

where the Hermitian conjugate operator H‡ is w.r.t. the unique scalar prod-
uct identified in Ref. [15]:

(Ψ | Φ) ≡
∫

Ψ†BΦ
√
−g d3x, B ≡ Aγ0. (24)

The operator E is called the “energy operator”. The justification for this
name is that one can show for the general Dirac equation derived from the
Lagrangian (21) that the expected value of the operator E equals the classi-
cal field energy as derived from the Lagrangian (21), see Ref. [12]. This has
been proved by Leclerc [7] for the DFW equation in the particular case of a
“Schwinger tetrad”. From the explicit expression of E− H [12], it is easy to
check that the energy operator E transforms like the Hamiltonian H under a
purely spatial change (6) of the chart, hence E depends only on the reference
frame (for a given γµ field, though accounting for its transformation law on a

4 If the local similarity is a passive one, i.e., if it follows from a change of the frame
field on the vector bundle E, then the rule (22) is satisfied automatically [10].
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change of the chart). E.g., when the wave function transforms as a scalar un-
der coordinate changes, E is invariant under a change (6), as in Eq. (7) for H.

As with the Hamiltonian operator, the energy operator Ẽ after a local
similarity S is physically equivalent to the starting energy operator E, iff

Ẽ = S−1 ES. (25)

The condition on S in order for this to occur, was derived for DFW theory
to be [12]:

B(∂0S)S−1 −
[
B(∂0S)S−1

]† ≡ 2
[
B(∂0S)S−1

]a
= 0. (26)

This derivation depended only on Eq. (17) (Eq. (47) in Ref. [12]) and on
the following one, which results from the explicit expression of the operators
H and E for the general Dirac equation [12]:

Ẽ− S−1ES = H̃− S−1HS +
i

2

[
S−1B−1(S†)−1(∂0S)†BS + S−1(∂0S)

]
. (27)

Therefore, the condition (26) applies also to the general Dirac equation,
provided that it transforms covariantly under the local similarity S, i.e., if Eq.
(22) applies. Just like Eq. (20) for H, the condition (26) for the equivalence

of E and Ẽ is generally not satisfied, whence the non-uniqueness of the Dirac
energy operator. Note that any time-independent similarity satisfies (26).

2.5 Reference frames vs. tetrad fields

As we have seen in Subsect. 2.1, the Hamiltonian operator depends necessar-
ily and naturally on the reference frame F (the meaning of that expression
being defined there), not only for the Dirac equation. The non-uniqueness
of H and E occurs in any given reference frame F. Thus, when one defines
the γµ field from an (orthonormal) tetrad field, the non-uniqueness problem
has a relation with the fact that the choice of the tetrad field is not fixed by
the choice of F. However, the data of a reference frame, as an equivalence
class F of charts modulo the purely spatial changes (6), normally determines
a unique four-velocity field v. The tangent vector along a world line (8) is
time-like iff g00 > 0 [21]. Henceforth, we shall consider only charts χ whose
domain U is such that g00(X) > 0 for X ∈ U. This condition is invariant
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under a change (6), thus it is imposed on the reference frame F. Under this
condition, we define v as the normed tangent vector, whose components in
any chart χ belonging to F are:

v0 ≡ 1
√
g00

, vj = 0. (28)

These are invariant under the purely spatial changes (6). More generally, the
vector with components (28) transforms covariantly under the changes (9) of
adapted coordinates (when they satisfy ∂x′0/∂x0 > 0), thus it depends only
on the reference fluid associated with F. Thus v is the four-velocity of that
reference fluid [20, 21]. Conversely, the data of an orthonormal tetrad field
(uα) contains that of the four-velocity vector field u0, with g(u0, u0) = 1.
Hence it is natural to impose on the tetrad field the condition that the time-
like vector of the tetrad is the four-velocity of the reference fluid:

u0 = v. (29)

This condition was proposed by Mashhoon & Muench [24] and by Maluf et
al. [26], although these authors considered v as the 4-velocity of an observer
and did not link it to a class of coordinate systems. (Also, what Maluf et
al. [26] call a “reference frame” is exactly a tetrad field, in contrast with
our terminology.) However, of course, the mere data of u0 does not fix the
orthonormal tetrad (uα). The spatial vectors of the tetrad, up (p = 1, 2, 3),
are generally not “attached” to F. We will show that the spatial triad (up)
as a whole can only be rotating w.r.t. F, and we shall fix this rotation by
fixing the corresponding angular velocity tensor.

3 A solution of the non-uniqueness problem

3.1 Angular velocity tensor field of a reference frame

Weyssenhoff [19] introduced an antisymmetric spatial tensor field:

ωjk ≡ ∂jgk − ∂kgj − (gj∂0gk − gk∂0gj) (j, k = 1, 2, 3), gj ≡
g0j

g00

. (30)

One checks easily that ωjk is indeed a spatial (0 2) tensor field, i.e., it trans-
forms as does a usual (0 2) tensor, for purely spatial changes of the chart, Eq.
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(6). 5 Weyssenhoff introduced it in order to characterize a “normal congru-
ence”, i.e., a reference fluid for which there exists adapted coordinates (Note
3) such that g0j = 0 (j = 1, 2, 3): according to Refs. [19, 20], this is the case
iff the Weyssenhoff tensor (30) vanishes. Thus, in that case, assuming that
there exists some coordinates which are adapted to the reference fluid, we can
go from them to other adapted coordinates satisfying moreover g0j = 0, by a
change (9) — in fact by a mere change of the time coordinate (synchroniza-
tion). However, Cattaneo [20] showed that the tensor (30) has also a precise
dynamical meaning. He rewrote the geodesic equation of motion, in the most
general case, in the form of Newton’s second law with, as the time param-
eter, the proper time τ of the local observer belonging to a given reference
fluid, synchronized along the world line of the particle, and with the velocity
vj ≡ dxj/dτ . (Eqs. (65) and (69) in Ref. [20]. τ was noted T and named
“standard time” by Cattaneo.) In the dynamical equation thus obtained
([20], Eq. (101)), the tensor (30) contributes a term which has precisely the
form of the Coriolis force of Newtonian theory: Fj Coriolis = −2mΩjkv

k, where
the spatial tensor

Ωjk ≡
1

2
c
√
g00 ωjk ≡

1

2
c
√
g00 (∂jgk − ∂kgj − gj∂0gk + gk∂0gj) (31)

plays thus exactly the role played by the angular velocity tensor of a rotating
frame in Newtonian theory. This gives a strong argument for calling Ωjk

the angular velocity tensor field of the reference fluid. However, this inter-
pretation needs that Ωjk be calculated with a time coordinate x̂0 such that,
along a world line of the congruence, we have dx̂0 = c dτ , where dτ is the
proper time increment. In any chart χ : X 7→ (xµ), with domain U, which is
adapted to the reference fluid, we have from (8)1 along a world line x of the
congruence:

dx̂0/dx0 =
√
g00. (32)

5 Given a reference frame F, covering some open subset U of the spacetime (Subsect.
2.1), we can define a spatial tensor field (depending, however, on the spacetime position
X ∈ U) as a tensor field on the space manifold M associated with F. E.g., a spatial
vector field can be defined as a mapping u from U into the tangent bundle TM, such that
∀X ∈ U, u(X) ∈ TMx, the tangent space to M at x — where, ∀X ∈U, x = x(X) is
the unique world line of M, such that X ∈ x [21]. One defines in the same way a spatial
tensor field of any type (p q), by substituting for TM the appropriate tensor product
TM⊗ ...⊗TM⊗TM◦⊗ ...⊗TM◦ with TM◦ the cotangent bundle. All spatial tensor fields
discussed in this paper, including the tensor (30), are also ones in this geometrical sense.
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This is enough to compute the tensor Ωjk with the proper rate, as illustrated
in the example below. However, for X ∈ U, we may define x̂0(X) by inte-
gration of (32) at fixed xj = xj(X) for j = 1, 2, 3 with an initial condition,
say x̂0 = 0 for x0 = 0. The chart χ̂ : X 7→ (x̂µ), with x̂j = xj, has domain
U. It corresponds also to the given reference fluid, as does χ, and it defines
a reference frame F̂ for which the time coordinate is x̂0 = cτ . Of course,
ĝ00 = 1 in any chart belonging to F̂. Note that the spatial tensor field Ωjk

depends on the reference frame, i.e., it depends on both the reference fluid
and the time coordinate. (Cf. Note 3.) Moreover, the dependence of Ωjk on
the time coordinate is not simple [see Eqs. (37) and (39)]. Also note that
Ωjk is indeed a field, i.e., it depends generally on the spacetime position X.

As an illustrative example, let us calculate this tensor for the metric which
is obtained in a Minkowski space for a uniformly rotating reference frame.
That is, starting from an inertial reference frame F′ defined by Cartesian
coordinates t′, x′, y′, z′, in which the Minkowski metric has the standard form

ds2 = c2 dt′2 − (dx′2 + dy′2 + dz′2), (33)

we go from F′ to a reference frame F having a uniform rotation with constant
angular velocity +ω around the z′ axis w.r.t. F′ (we mean constant as seen
from the inertial frame F′), by setting

t = t′, x = x′ cosωt+ y′ sinωt, y = −x′ sinωt+ y′ cosωt, z = z′. (34)

The Minkowski metric writes in the coordinates t, x, y, z [see Eq. (87)]:

ds2 =

[
1−

(ωρ
c

)2
]

(dx0)2 + 2
ω

c
(y dx− x dy)dx0 − (dx2 + dy2 + dz2), (35)

where ρ ≡
√
x2 + y2 and x0 = ct. The coordinates t, x, y, z, restricted to the

domain U ≡ {X ∈ V;ωρ < c}, define the class F. We have thus here:

(gj) =
ω

c

(
y

1−
(
ωρ
c

)2 ,
−x

1−
(
ωρ
c

)2 , 0

)
, (36)

whence

ωx ≡ Ω32 = 0, ωy ≡ Ω13 = 0, ωz ≡ Ω21 = +ω/

[
1−

(ωρ
c

)2
] 3

2

. (37)
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This is valid in the rotating reference frame F, thus with the time coordinate
x0 = ct. As we mentioned after Eq. (31), the interpretation of Ωjk as the
angular velocity tensor field of a reference fluid needs that one takes x̂0 = cτ
as time coordinate, with τ given by Eq. (32). Changing from x0 to x̂0 ≡ cτ
by using Eq. (32), we rewrite Eq. (35) as:

ds2 = (dx̂0)2 + 2
ω

c
(y dx− x dy)

1√
1−

(
ωρ
c

)2
dx̂0 − (dx2 + dy2 + dz2). (38)

Then a similar calculation gives us in the corresponding reference frame F̂:

ω̂x ≡ Ω̂32 = 0, ω̂y ≡ Ω̂13 = 0, ω̂z ≡ Ω̂21 = +ω

[
1− 1

2

(ωρ
c

)2
]
/

[
1−

(ωρ
c

)2
] 3

2

.

(39)
Thus we find that the angular velocity vector field of the uniformly rotating
reference fluid is the constant “nominal” angular velocity vector ω ≡ ω∂z,
up to second-order terms. The presence of those terms is due to the fact that
the locally measured time and distances are influenced by special-relativistic
effects related with the non-uniform velocity generated by the rotation. In
particular, the rate of a clock bound to the rotating reference fluid depends
on the radius ρ and vanishes as ρ→ c/ω, because the velocity v of the motion
of rotation, as evaluated in the inertial frame F′, tends towards c.

3.2 Angular velocity tensor field of a spatial triad

Consider a smooth curve in spacetime, C : ξ ∈ I 7→ C(ξ) = X ∈ V, with
tangent vector T (ξ) ≡ dC

dξ
, where I is an open subset of the real line. (The

set I, hence also the set C(I) ⊂ V, is not necessarily connected.) Let U be a
smooth vector field defined in a neighborhood of the range C(I). The absolute
derivative of U along C is the vector (DU/dξ)C ≡ DT U ≡ (DU)(T ), where
D is the Levi-Civita connection associated with the metric g. 6 As is well
known, given any tetrad field (uα), any connection D on TV is characterized
by coefficients γεαβ, such that

Dβ uα ≡ (Duα)(uβ) = γεαβ uε. (40)

6 A connection D on TV associates with any vector field U (i.e., with any local section
of TV), a local section DU of the tensor product bundle TV◦ ⊗ TV ∼= Hom(TV,TV) [23].
Thus, with any vector field T , DU associates a vector field (DU)(T ). The latter is the
contracted product of DU and T corresponding with the unique dual pair (TV◦,TV).
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Decomposing the vector field U on the tetrad: U = Uαuα, we get(
DU

dξ

)
C

= dUα(T )uα + Uα × (Duα)(T ) =

[
dU ε

dξ
+ γεαβ U

αT β
]
uε, (41)

just as in the particular case of a coordinate (holonomic) basis, in which
case the coefficients γεαβ in Eq. (40) are the Christoffel symbols. (We have
dUε

dξ
≡ dU ε(T ) = ∂Uε

∂xµ
dxµ

dξ
.) As is well known, (DU/dξ)C depends only on

C and on the mapping ξ 7→ U(ξ) ≡ U(C(ξ)) defined on I. Note that the
parameter ξ used to define the curve C is arbitrary. Since the Levi-Civita
connection is metric-compatible: Dg = 0, the absolute derivative obeys the
Leibniz rule:(

d

dξ

)
C

(g(U,U ′)) = g

((
DU

dξ

)
C

, U ′
)

+ g

(
U,

(
DU ′

dξ

)
C

)
. (42)

For a tetrad field (uα), let us decompose the vectors Duα/dξ on the tetrad
itself: (

Duβ
dξ

)
C

= Φα
β uα. (43)

Thus, we have for an orthonormal tetrad (uα):

g

(
uα,

(
Duβ
dξ

)
C

)
= Φε

β ηαε ≡ Φαβ. (44)

From Eq. (42) with U = uα and U ′ = uβ, we see that this is an antisym-
metric tensor: Φβα + Φαβ = 0. At this stage, this tensor is defined over the
curve C, i.e., for X = C(ξ) with ξ ∈ I.

We consider henceforth the case that the curve C is a trajectory of the
vector field v ≡ u0, the time-like vector of a global tetrad field (uα) [24, 25,
26]. Hence v is a global 4-velocity vector field, thus its trajectories make a
3-D congruence of world lines, or reference fluid. We assume that there is at
least one chart χ : X 7→ (xµ), with domain U (with g00 > 0 in U), which is
adapted to that reference fluid. That is, the world lines of the congruence
are described in the chart χ by Eq. (8). The set of these world lines makes
then a space manifold M, see Subsect. 2.1. (The equivalence class of the
chart χ modulo the relation (6) is a reference frame F.) Then Φαβ becomes
a tensor field defined on U: given X ∈ U, let x(X) be the unique world line
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x ∈ M, such that X ∈ x [21]. I.e., x(X) is the trajectory of v which passes
at X, more exactly it is the intersection of that trajectory with the domain
U. The tensor Φαβ(X) is defined by taking as curve C in Eq. (44), the world
line x(X), parameterized by the coordinate time:

t(Y ) ≡ x0(Y )/c, (45)

say C : t 7→ C(t) = Y ∈ x(X). Hence the tangent vector is

T (t) =
dC

dt
=
ds

dt
v(C(t)). (46)

From (40), (44) and (46), we get directly

Φαβ ≡ g

(
uα,

(
Duβ
dt

)
C

)
= c

dτ

dt
g (uα, (Duβ)(u0)) = c

dτ

dt
ηαε γ

ε
β0, (47)

whence the simple expression (confirming the antisymmetry Φβα = −Φαβ,
since for an orthonormal tetrad and a metric-compatible connection, the
coefficients (40) verify γαβε = −γβαε):

Φαβ = c
dτ

dt
γαβ0. (48)

In particular, the field X 7→ Φαβ(X) is smooth. It depends of course on the
orthonormal tetrad field (uα), and also on the choice of the time coordinate
X 7→ x0(X), or rather on the rate dτ/dt, where dτ = ds/c is the proper time
increment along the world line x(X) ∈ M—that is, the proper time of the
local observer bound with the reference fluid having velocity v, Eq. (32).

It may seem natural to use only that proper time to define the tensor
Φαβ, as is done in Ref. [26]. And indeed, whether or not there exists a
chart χ, in which the trajectories of the 4-velocity field v ≡ u0 are described
by Eq. (8), one may use the definition (44) with C being that trajectory
of v which passes at X, parameterized by the proper time τ . This gives
our formula (48) with dτ/dt = 1. However, a priori, the trajectory of v
passing at X is defined only in some interval IX , enclosing the initial time τ0

such that C(τ0) = X, and there is no differential structure on the set of these
trajectories. Theorem 1 in Appendix A needs that there exists a chart (χ,U),
in which the trajectories of v are described by Eq. (8). (In the application
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right below to the non-uniqueness problem of the Dirac Hamiltonian and
energy operators, this existence is guaranteed because we start from a given
reference frame.) Under this condition, the set M of the world lines (8)
is naturally equipped with a structure of differential manifold [21]. This
allows us to define an (antisymmetric) spatial tensor field Φ, i.e., a mapping
X ∈ U 7→ Φ(X) ∈ TM◦x ⊗ TM◦x with x = x(X), whose components are the
Φpq components (p, q = 1, 2, 3) of the tensor field Φαβ. Otherwise, this subset
of components would not have a definite meaning. We show that Φ is the
opposite of the angular velocity tensor of the spatial triad (up) associated
with the tetrad (uα), Eq. (81) with ξ = t.

3.3 The proposed solution: equating the two rotation
rates

The data of a reference frame F determines a unique four-velocity field v, Eq.
(28), and also fixes the modified Weyssenhoff angular velocity tensor field Ω,
Eq. (31), which is a spatial tensor field. In addition to the condition u0 = v,
Eq. (29), it is natural to impose on the tetrad field (uα) the condition that
the angular velocity tensor field Ξ of the spatial triad (up), Eq. (81), be
equal to Ω:

Ξ = −Φ = Ω [i.e. : ∀X ∈ U, Ξ(X) = Ω(X) ], (49)

where U is the domain of the reference frame F, see Subsect. 2.1. Note that,
according to the definition in Appendix A: for a given index p ∈ {1, 2, 3}, up
is the spatial vector whose components, in any chart χ ∈ F, are simply the
spatial components aj p (j = 1, 2, 3) of the 4-vector up in the chart χ. We
now show that this provides a solution to the non-uniqueness problem.

Theorem 2. In the spacetime (V, g), let (uα) and (ũα) be two orthonormal
direct tetrad fields such that u0 = ũ0. Then: (i) The two tetrad fields exchange
by a local Lorentz transformation: ũβ = Lαβ uα, whose matrix has the form

L =


1 0 0 0
0
0 R
0

 (50)
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where R is a rotation matrix, R = R(X) ∈ SO(3). (ii) Assume that, in
some reference frame F with domain U and 4-velocity v = u0 = ũ0, the
corresponding spatial triad fields (up) and (ũr) have the same angular velocity
tensor field:

Ξ ≡ Ξpq θ
p ⊗ θq = Ξ̃rs θ̃

r ⊗ θ̃s ≡ Ξ̃ [i.e. : ∀X ∈ U, Ξ(X) = Ξ̃(X) ], (51)

where (θp) and (θ̃r) are the bases of spatial one-forms dual to (up) and (ũr),
respectively. Then, the matrix R does not depend on the time coordinate:
∂tR = 0, thus R = R(x), x ∈ M. (iii) Therefore, the fields of Dirac matrices
γµ and γ̃µ deduced respectively from (uα) and (ũα) [Eq. (11)] exchange by a
time-independent local similarity S = S(x), hence give rise, in the reference

frame F, to physically equivalent Dirac Hamiltonian operators H and H̃, as
well as to physically equivalent Dirac energy operators E and Ẽ.

Proof. By imposing that u0 = ũ0, we get of course that the (local) Lorentz
transformation L with ũβ = Lαβ uα satisfies Lα0 = δα0 , similarly we have
(L−1)

α
0 = δα0 . Since L is a Lorentz transformation, we have LTηL = η, or

LT = ηL−1η−1, whence

L0
α = (LT ) 0

α = ηαε
(
L−1

)ε
ζ
ηζ0 = ηαε

(
L−1

)ε
0

= ηαεδ
ε
0 = ηα0 = δ0

α, (52)

hence the matrix L has the form (50). It follows that RT = R−1, thus
R ∈ O(3). We have detL = 1, because both (uα) and (ũα) are direct. It
then follows from (50) that detR = 1, hence R ∈ SO(3). This proves (i).

The time evolution of each triad is governed by Eq. (80) with ξ = t, the
time coordinate common to any chart χ ∈ F; thus

δuq
dt

= Ξp
q up,

δũs
dt

= Ξ̃r
s ũr. (53)

From (50) and the definition (72) of the spatial triad, we have

ũs(X) ≡ iX(ũs(X)) = iX(Rq
s(X)uq(X)) = Rq

s(X)uq(X), (54)

whence by (53):

Ξ̃r
s ũr = (∂tR)q s uq +Rq

s Ξp
q up (s = 1, 2, 3). (55)
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We did not use the assumption (51) until now. In view of (54), that equality

of tensors means that the components Ξpq = Ξp
q and Ξ̃rs = Ξ̃r

s exchange by

Ξ̃r
s =

(
R−1

)r
p

Ξp
q R

q
s. (56)

From this and (55), we get:(
R−1

)r
p

Ξp
q R

q
sũr = Ξp

q R
q
s up = (∂tR)q s uq +Rq

s Ξp
q up, (57)

whence
(∂tR)q s uq = 0 (s = 1, 2, 3), (58)

hence ∂tR = 0, in any chart χ ∈ F. That is, the expression in the chart
χ ∈ F, R̆χ : X 7→ R(χ−1(X)), of the matrix function on V: X 7→ R(X),
depends only on the spatial coordinates—for any chart χ ∈ F. This means,
as is easy to check, that R is a function only of x ∈ M, R(X) = R̂(x(X)).
This proves (ii).

The fields of Dirac matrices γµ and γ̃µ deduced respectively from (uα)
and (ũα) [Eq. (11)] exchange by a time-independent local similarity S(x) =
±S(L(x)) where L has the form (50) with R = R(x) (x ∈ M). It then follows
from condition (20) [or (26)], that the corresponding Hamiltonian operators

H and H̃ [and the corresponding energy operators E and Ẽ] are equivalent.
(Note that we do not need that S depend smoothly on the spatial coordinates,
hence no topological restriction on the spacetime needs to be imposed.) This
proves point (iii), thus completing the proof of Theorem 2.

4 Discussion and examples

Actually, Theorem 2 provides us with two natural solutions to the non-
uniqueness problem exposed in Section 2:

(i) We may impose that the spatial triad has the same angular velocity
tensor field as has the given reference frame, Eq. (49).

(ii) Alternatively, we may impose simply that the spatial triad has zero
angular velocity tensor, Ξ = 0. Note that, to use Theorem 2, we have
also to impose the condition u0 = v, hence either solution is valid only in
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reference frames associated to one fixed reference fluid, given by its four-
velocity field v. Such reference frames may differ by the time coordinate,
see Note 3, and Theorem 2 is valid for whatever time coordinate. However,
as discussed in Subsect. 3.1, we should and can in fact consider a reference
frame F̂ corresponding to the same reference fluid as F, and such that the
time coordinate for F̂ is x̂0, obeying Eq. (32).

To compare the solutions (i) and (ii), let us fix the reference frame and
consider two tetrad fields (uα) and (ũα): the first one, got from the prescrip-
tion (i), has rotation rate Ξ = Ω. The second one, following prescription (ii),

has rotation rate Ξ̃ = 0. [Both could be obtained concretely by integrating
Eq. (53).] From (55), we get

0 = (∂tR)q s uq +Rq
s Ωp

q up (s = 1, 2, 3), (59)

hence
∂tR = −ΩR, Ω ≡ (Ωp

q). (60)

Obviously this leads, by integration on a given world line x ∈ M, to a time-
dependent rotation R = R(t, x). For instance, if the rotation rate field of the
reference frame satisfies ∂tΩ = 0, we get simply

R(t, x) = exp [(t0 − t)Ω(x)]R0(x) (R(t0, x) = R0(x)). (61)

From point (i) in Theorem 2, we know that the two tetrad fields (uα) and
(ũα) exchange by a local Lorentz transformation of the special form (50).
Hence the fields of Dirac matrices γµ and γ̃µ deduced respectively from
(uα) and (ũα) [Eq. (11)] exchange by a time-dependent local similarity
S(t, x) = ±S(L(t, x)), with L deduced from R by Eq. (50). Therefore,

the corresponding Hamiltonian operators H and H̃, at least, are definitely
not physically equivalent — and the corresponding energy operators E and
Ẽ have no reason to satisfy the condition of equivalence (26). Thus, the two
prescriptions (i) and (ii) are definitely non-equivalent.

This applies to the case of a uniformly rotating reference frame F in
a Minkowski spacetime: F is the equivalence class of the coordinate chart
χ : X 7→ (xµ) — the latter being deduced from a global inertial chart
χ′ : X 7→ (x′µ) by the coordinate change (34), restricted to the domain
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U ≡ {X ∈ V;ω
√
x′2 + y′2 < c}. The angular velocity tensor Ω̂ of the refer-

ence frame F̂ (with x̂0 = cτ as the time coordinate) is given by Eq. (39). It
is thus constant at fixed x1, x2, x3, which means it is constant on any world
line x that belongs to the corresponding space manifold M. (This should not
be confused with the first spatial coordinate x = x1.) Hence the foregoing
paragraph and its Eq. (61) apply, showing that the two prescriptions (i)
and (ii) are not equivalent. It is likely that the prescription (i) lead to the
presence of a spin-rotation coupling term [14] in the energy operator, and
that the prescription (ii) lead to predicting no such term.

One may also consider the two tetrad fields which were studied by Ryder
[13]. The first one is given by his Eq. (3):

u0 =
1

c

∂

∂t
+
ωy

c

∂

∂x
− ωx

c

∂

∂y
, u1 =

∂

∂x
, u2 =

∂

∂y
, u3 =

∂

∂z
. (62)

This equation is written precisely in the “rotating Cartesian coordinates”
(xµ) = (ct, x, y, z) got by the change (34) here (see Appendix B). Ryder’s
[13] second tetrad field is [his Eq. (10)]:

ũ0 =
1

c

∂

∂t
− ω

c

∂

∂φ
, ũ1 =

∂

∂r
, ũ2 =

1

r

∂

∂θ
, ũ3 =

1

r sin θ

∂

∂φ
. (63)

It is expressed in “rotating spherical coordinates” t, r, θ, φ deduced from
spherical coordinates t′, r′, θ′, φ′ bound to the inertial frame F′, by t = t′, r =
r′, θ = θ′, φ = φ′ − ωt, leading to the expression of the Minkowski metric in
the coordinates t, r, θ, φ, Eq. (8) of Ref. [13]. Hence we have

x = r sin θ cosφ = x′ cosωt+ y′ sinωt, t = t′,

y = r sin θ sinφ = −x′ sinωt+ y′ cosωt, z = r cos θ = z′, (64)

where (xµ) = (ct, x, y, z) and (x′µ) = (ct′ = ct, x′, y′, z′ = z) are the same
coordinates as before, which define the reference frames F (the rotating one)
and F′ (the inertial one). It results from (64) that Ryder’s tetrad fields (62)
and (63) verify

ũ0 = u0. (65)

Moreover, Eq. (93) below shows that v = u0 is in fact the 4-velocity of the
inertial reference frame F′. By using Eq. (7) of Ryder [13] and Eq. (48)
above, one finds that, in this reference frame F′ (for which τ = t identically),
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the angular velocity tensor field Ξ = −Φ of the spatial triad (up) taken from
the tetrad field (uα) is:

Ξ32 = 0, Ξ13 = 0, Ξ21 = +ω. (66)

As noted by Ryder, when the Levi-Civita connection is expressed in the
tetrad field (63), the only non-zero coefficients are γ122 = −γ212 = γ133 =
−γ313 and γ233 = −γ323. It thus follows from Eq. (48) that, in the inertial
reference frame F′, whose 4-velocity is v = u0, the angular velocity tensor
field of the spatial triad (ũp) taken from the tetrad field (ũα) is

Ξ̃ = 0. (67)

Therefore, here again, we may apply the second paragraph of this Section.
In particular, Ryder’s two tetrads (62) and (63) lead, in the inertial frame
F′, to non-equivalent Hamiltonian operators.

It thus seems that only experiment could tell which of the two natural
prescriptions (i) and (ii) is correct. Prescription (ii) is easier to implement,
because the angular velocity tensor Ω of the reference fluid, considered in
Prescription (i), is a field that depends on the spacetime position.
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A Appendix: Geometrical definition of the

spatial triad and its angular velocity

Theorem 1. Let (uα) be a global orthonormal tetrad field on the spacetime
(V, g), so that v ≡ u0 is a global 4-velocity vector field. Assuming that there is
at least one chart χ of V, with domain U, which is adapted to the reference
fluid with 4-velocity v, let M be the corresponding space manifold, whose
points are the world lines (8). (i) At each point X ∈ U, there is a canonical
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isomorphism iX between the three-dimensional vector spaces TMx(X) and

HX ≡ {uX ∈ TVX ; g(uX , v(X)) = 0}. (68)

(ii) The Φpq’s (p, q = 1, 2, 3) in Eq. (44) are the components of an (anti-
symmetric) spatial (0 2) tensor field Φ, i.e., a mapping X ∈ U 7→ Φ(X) ∈
TM◦x ⊗ TM◦x, with x = x(X). (See Note 5 .) (iii) The triad of spatial vector
fields (up), with up(X) ≡ iX(up(X)), is orthonormal w.r.t. the spatial metric
tensor field h on M. (iv) We have Φ = −Ξ, where Ξ is the angular velocity
tensor (81) of that orthonormal triad (up) in the space manifold M equipped
with the time-dependent Riemannian metric h.

Proof. Since the tetrad field (uα) is orthonormal, each of the three vectors
up(X) (p = 1, 2, 3) at each point X ∈ V belongs to the spatial hyperplane
(68). If in fact X ∈ U, and if uX ∈ HX , let us define iX(uX) as the vector
ux ∈ TMx(X), whose components in the chart χ̃ of M [Eq. (10)] are uj (j =
1, 2, 3) — where uµ (µ = 0, ..., 3) are the components of uX in the chart χ. If
χ′ is any other chart, with domain U, which is adapted to the same reference
fluid, then by definition the transition map F ≡ χ′ ◦ χ−1 satisfies Eq. (9)
for X ∈ χ(U). Hence the spatial coordinates of uX in the charts χ and χ′

exchange by

u′j =
∂x′j

∂xµ
uµ =

∂x′j

∂xk
uk, (69)

thus are the respective components of one and the same vector ux = iX(uX) ∈
TMx(X) in the charts χ̃ and χ̃′. Thus, the linear mapping iX from HX to
TMx(X) is well defined. With the (+ − −−) signature, the orthogonal pro-
jection operator ΠX : TVX → HX [27, 28, 29] has components

Πµ
ν = δµν − vµvν . (70)

It follows that, for a vector uX ∈ HX , in any adapted chart, the time com-
ponent u0 is determined linearly as function of the spatial components uj by
([29], Eq. (4.7)):

u0 = −g0j u
j/g00. (71)

Therefore, if iX(uX) = 0 for some vector uX ∈ HX , then uX = 0, so that iX
is indeed an isomorphism. This proves point (i).
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Using iX , we associate with the spacetime vector fields up (p = 1, 2, 3),
such that ∀X ∈ V up(X) ∈ HX , the three spatial vector fields

up : X ∈ U 7→ up(X) ≡ iX(up(X)), (72)

thus building the spatial triad field (up) associated with the tetrad field (uα).
Denoting the dual triad of one-forms over the space manifold M as (θp), we
define

Φ ≡ Φpqθ
p ⊗ θq. (73)

Clearly, this is a (0 2) tensor field Φ over the manifold M. This proves point
(ii).

The spatial metric tensor is first defined as a spacetime tensor h(ST),
namely as the projection of the spacetime metric tensor [28, 29]:

∀uX , vX ∈ TVX , h
(ST)
X (uX , vX) ≡ −gX(ΠX(uX),ΠX(vX)) (74)

= −gX(uX ,ΠX(vX)) = −gX(ΠX(uX), vX).

(The two equalities occur because ΠX is symmetric w.r.t. g and idempotent.
The minus sign is for the (+ − −−) signature of g.) Then we define the
spatial metric tensor as a truly spatial tensor field h by transport with the
isomorphism iX . Thus, given X ∈ U, hX is the mapping

u,v ∈ TMx(X) 7→ hX(u,v) ≡ h
(ST)
X (i−1

X (u), i−1
X (v)) = −gX(i−1

X (u), i−1
X (v)).

(75)
Since ΠX(up(X)) = up(X) (p = 1, 2, 3), it follows from (72), (74) and (75)
that (at any X ∈ U)

hpq ≡ h(up,uq) ≡ h(ST)(up, uq) = −g(up, uq) = δpq (p, q = 1, 2, 3). (76)

The spatial triad is thus orthonormal for the spatial metric. This proves
point (iii).

The Fermi-Walker derivative of a spacetime vector field u along a smooth
curve C : ξ 7→ C(ξ) = X ∈ V, can be defined as the projection of its absolute
derivative (41) on the hyperplane HC(ξ) [28, 29]:(

Du

dξ

)
fw

≡ ΠC(ξ)

(
Du

dξ

)
, (77)
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where the hyperplane and the corresponding projection operator refer to a
given 4-velocity field v, Eqs. (68) and (70). (We omit the index specifying
the curve C.) We may naturally infer from this a time-derivative for spatial
vector fields X 7→ u(X) ∈ TMx(X):

δu

dξ
≡ iC(ξ)

[(
Du

dξ

)
fw

]
, u(X) ≡ i−1

X (u(X)). (78)

It is thus the Fermi-Walker derivative of a true “spatial vector”. The Fermi-
Walker derivative of a spacetime vector, Eq. (77), obeys the Leibniz rule
with the spatial metric in the spacetime form, h(ST), for vector fields such
that u(X) ∈ HX ([29], Eq. (4.15)). It follows easily from this and from the
definition (75) that the time-derivative (78) obeys also the Leibniz rule:

d

dξ
(h(u,u′)) = h

(
δu

dξ
,u′
)

+ h

(
u,
δu′

dξ

)
. (79)

We may thus transpose Eqs. (43)–(44): We define a spatial tensor by setting

δuq
dξ

= Ξp
q up; (80)

since the triad (up) is orthonormal w.r.t. the metric h, we have

h

(
up,

(
δuq
dξ

))
= Ξr

q δpr ≡ Ξpq; (81)

it follows then from Eq. (79) with u = up and u′ = uq that the spatial tensor
Ξ = Ξpqθ

p ⊗ θq is antisymmetric. Moreover, Ξpq = Ξp
q from (81). Thus, the

tensor Ξ is the angular velocity tensor of the orthonormal triad (up). From
(77)–(78), (43), (72), we get (with X = C(ξ)):

δuq
dξ

≡ iX

(
ΠX

(
Duq
dξ

))
= iX

(
ΠX

(
Φα

quα
))

= iX
(
Φp

qup
)

= Φp
qup, (82)

so that in fact Ξp
q = Φp

q. However, from (44) we have

Φpq ≡ ηpεΦ
ε
q = −Φp

q, (83)

hence Φpq = −Ξpq, or Φ = −Ξ. The results of this paragraph apply to
any curve C in spacetime, with any parameter ξ. To complete the proof of
Theorem 1, we need that the tensor Φ = −Ξ be a field defined on U. At any
X ∈ U, we take the world line x(X), parameterized by the coordinate time
t as in Eq. (46), as the curve C. This proves point (iv).
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B Appendix: Rotating Cartesian coordinates

The cotetrad and tetrad used by Ryder [13] in his equations (1) and (3), re-
spectively, are thus given in coordinates t, x, y, z which are related to Carte-
sian coordinates t′ = t, x′, y′, z′ = z in an inertial frame in a Minkowski
spacetime by a rotation with angular velocity +ω. To check this, consider
the line element [30]

ds2 =

[
1−

(ωρ
c

)2
]
c2dt2 − 2ωρ2 dϕ dt− (dρ2 + ρ2dϕ2 + dz2), (84)

deduced from the Minkowski line element in cylindrical coordinates:

ds2 = c2dt′2 − (dρ′2 + ρ′2dϕ′2 + dz′2),

by the coordinate change t = t′, ρ = ρ′, ϕ = ϕ′ − ωt, z = z′. This corre-
sponds to a rotation with angular velocity +ω w.r.t. the inertial frame with
cylindrical coordinates t′, ρ′, ϕ′, z′, because ϕ′ = ϕ + ωt is indeed the polar
angle in the inertial coordinates, corresponding to the polar angle ϕ in the
rotating coordinates. Introducing “rotating Cartesian coordinates”:

t, x = ρ cosϕ, y = ρ sinϕ, z, (85)

and noting that

x dy − y dx = (ρ2 cos2 ϕ− (−ρ2 sin2 ϕ))dϕ = ρ2dϕ, (86)

the line element (84) rewrites as Eq. (35):

ds2 =

[
1−

(ω
c

)2

(x2 + y2)

]
c2dt2 + 2ω(y dx− x dy) dt− (dx2 + dy2 + dz2),

(87)
which is the first line element used by Ryder [13] (with a misprint). One
checks trivially that the cotetrad (1) of Ryder is orthonormal for the metric
(87) above, i.e., we have with the metric (87):

ds2 ≡ gµνdx
µ dxν = ηαβ θ

α θβ. (88)

A point with constant spatial coordinates x, y, z given by (85), with ϕ =
ϕ′ − ωt, is indeed rotating at +ω w.r.t. the inertial frame defined by the
Cartesian coordinates t′ = t, x′, y′, z′ = z. This is because we get from (85)
the relevant formula (34):

x = ρ cos(ϕ′ − ωt) = ρ(cosϕ′ cosωt+ sinϕ′ sinωt) ≡ x′ cosωt+ y′ sinωt,

y = ρ sin(ϕ′ − ωt) = ρ(sinϕ′ cosωt− cosϕ′ sinωt) ≡ −x′ sinωt+ y′ cosωt.
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C Appendix: Analysis of the proposals of

Gorbatenko & Neznamov

For a general, time-dependent metric, Gorbatenko & Neznamov [18] want
to define a unique Hermitian Hamiltonian operator Hη by going from the
starting tetrad field with components Hµ

α (used to define the starting field
of Dirac matrices noted γα) to what they call “the Schwinger tetrad”, i.e.,

one whose components H̃µ
α (in the chart which is considered) satisfy H̃0

k =
0 (k = 1, 2, 3), their Eq. (39). With the Schwinger tetrad, the field of
Dirac matrices is γ̃α. Gorbatenko & Neznamov denote by L a local similar-
ity transformation which transforms γα into γ̃α, their Eq. (52). They com-
pute from L another local similarity transformation η, Eqs. (66) and (72).
The Hamiltonian operator which rewrites in Schrödinger form the covariant
Dirac equation after the local similarity η, is named Hη, Eq. (71). When

the starting tetrad Hµ
α is taken to be “the Schwinger tetrad” H̃µ

α , we have of
course L = 14. Then, this process defines a local similarity η̃ proportional
to the identity matrix, Eq. (67), and a Hamiltonian, say H̃η̃. Gorbatenko

& Neznamov [18] correctly note that Hη = H̃η̃, Eq. (75). In fact, it is easy

to check that H̃η̃ is none other than the energy operator [Eq. (23) in the

present paper] got with the Schwinger tetrad H̃µ
α , i.e., Hη = H̃η̃ is the energy

operator with the Dirac matrices γ̃α. (This is confirmed by the recent paper
[31]: Eq. (1) there.) Gorbatenko & Neznamov [18] conclude that “For any
system of tetrad vectors, after the specified operations we will have one and
the same Hamiltonian Hη (75), what proves its uniqueness.” However, both

Hη and H̃η̃ are defined with reference to one given Schwinger tetrad. But the
choice of a Schwinger tetrad is far from unique. Gorbatenko & Neznamov
do not prove that, if in the same chart one takes a second Schwinger tetrad,
say H̆µ

α , then the Hamiltonian provided by their construction for that second

Schwinger tetrad, say H̆η̆, is physically equivalent to the Hamiltonian H̃η̃ got
with the first Schwinger tetrad.

Coming back to our notation for convenience, let (uα) be a tetrad field
which is a Schwinger tetrad in a given chart χ : X 7→ (xµ). That is:

a0
p ≡ (up)

0 = 0 (p = 1, 2, 3). (89)

[Note from (6) that this remains true for any chart χ′ in the reference frame
F defined by χ.] If one changes by a local Lorentz transformation to a new
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tetrad: ũβ ≡ Lαβ uα, then this will be also a Schwinger tetrad in the same
reference frame F iff

ã0
p ≡ Lαp a

0
α = 0 (p = 1, 2, 3), (90)

hence, in view of (89), iff

L0
p = 0 (p = 1, 2, 3). (91)

This does not require that the local Lorentz transformation L be indepen-
dent of the coordinate time t, nor hence that the associated local similarity
S = ±S(L) verify ∂tS = 0 [condition (20)], so that the two Dirac Hamiltoni-
ans deduced from the tetrad fields (uα) and (ũα) can be non-equivalent.

For instance, in the inertial frame F′ in a Minkowski spacetime, considered
in Subsect. 3.1 and in Sect. 4, take Ryder’s first tetrad (uα), Eq. (62), and
take the “Minkowski tetrad”, that is the natural basis (e′µ) associated with
the Cartesian coordinates (x′µ) = (ct′, x′, y′, z′) which define the reference
frame F′. Using the coordinates (xν) = (ct = ct′, x, y, z = z′), Eq. (34),
which define the uniformly rotating reference frame F, we may write:

e′µ ≡
∂

∂x′µ
=
∂xν

∂x′µ
∂

∂xν
, (92)

hence from (34):

e′0 =
∂

∂x0
+
ωy

c

∂

∂x
− ωx

c

∂

∂y
= u0, (93)

e′1 = cosωt u1 − sinωt u2, e′2 = sinωt u1 + cosωt u2, e′3 = u3. (94)

The Minkowski tetrad (e′α) is a Schwinger tetrad in the inertial frame F′,
hence by inverting (94) we see that Ryder’s first tetrad (uα) is also a Schwinger
tetrad in that frame F′. (Note that Eqs. (93)–(94) allow us to define (uα)
in the global frame F′.) Therefore, with either of these two tetrad fields, the
hermiticity condition of the Dirac Hamiltonian in the frame F′ is Leclerc’s
condition [7]:

∂0

(√
− g00 det(gµν)

)
= 0 (95)

(provided that one takes for the “flat” Dirac matrices γ\α in Eq. (11), ones
for which γ\0 is a hermitizing matrix [15]). Since the Minkowski metric is
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stationary in the inertial frame F′, the condition (95) is satisfied in F′. Thus,
each of the Dirac Hamiltonians H and H′ associated respectively, in the frame
F′, with the Schwinger tetrads (uα) and (e′α), coincides with the correspond-
ing energy operator: H = E and H′ = E′. I.e., H (respectively H′) is the
Hermitian Hamiltonian associated with the Schwinger tetrad (uα) [respec-
tively the Schwinger tetrad (e′α)] by the procedure suggested by Gorbatenko
& Neznamov [18]. However, from (93)–(94), we have e′β = Lαβ uα, with the
time-dependent local Lorentz transformation

L =


1 0 0 0
0 cosωt sinωt 0
0 − sinωt cosωt 0
0 0 0 1

 . (96)

Hence, the associated local similarity S = ±S(L) does not verify ∂tS = 0.
But the latter is the necessary and sufficient condition in order that the two
Hamiltonians H and H′ be physically equivalent [Eq. (20)]. However, each of
the two non-equivalent Hamiltonians H and H′ is got from a tetrad which is a
Schwinger tetrad in the given coordinates (x′ν) = (ct′, x′, y′, z′), by following
the procedure suggested by Gorbatenko & Neznamov [18].

In their most recent paper [31], Gorbatenko & Neznamov included in
the definition of a “Schwinger tetrad” two additional conditions (with our
notation and signature): a) that the time-like vector u0 of the tetrad be the
vector with components

a0
0 =

√
g00, ak0 =

g0k√
g00

, (97)

Eq. (15) in Ref. [31]. And b) that the spatial components of the spatial
triad (up) verify [their Eq. (19)]

aj p a
k
p = f jk, or a aT = f [a ≡ (aj p), f ≡ (f jk)], (98)

where f is the inverse of the 3 × 3 matrix −g ≡ −(gjk), their Eq. (18).
Equation (98) is equivalent to aT (−g) a = 13. It thus means that the spatial
vector fields up(X), with components aj p(X), make an orthonormal triad
for the “induced metric” h′ ≡ −gjkdxj ⊗ dxk. Actually, both (97) and (98)
follow from the definition (89) of a Schwinger tetrad and the orthonormality
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condition (12) of the tetrad. (This was indeed noted by the authors, respec-
tively before Eq. (79) of Ref. [18], and as Eqs. (50)–(51) of Ref. [31]v1,
but it escaped our attention for v1 of the present paper.) However, just as
we did with the other spatial metric h defined by Eq. (75), we may define
different such triad fields, say (up) and (ũp), having an arbitrary rotation
rate w.r.t. one another. In Sect. 4 of Ref. [31] (in v1 but not in v2 and v3),
yet another condition was added: c) that the spatial vector fields up(X) be
eigenvectors of the metric tensor h′ [gmn in their notation]. The motivation
for imposing the Schwinger-tetrad condition (89), or for imposing condition
c), looks computational rather than physical. Anyway, these two conditions
together do not forbid to define triad fields (up) and (ũp) which exchange by
a time-dependent rotation, if some eigenvalues of h′ are equal. Both Ryder’s
first tetrad (uα) and the “Minkowski tetrad” (e′α) satisfy the three additional
conditions a), b) and c) in the Cartesian coordinates (x′µ): condition c) is
trivial here, since h′jk = δjk; and as it has been noted, conditions a) and
b) follow generally from (89) and (12). Hence, the same counterexample
detailed around (96) applies also with the additional conditions a)-b)-c).
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