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ABSTRACT 
 
The purpose of this paper is to present simulation of pseudoelastic and ferroelastic behaviour 
using an elastohysteresis model implemented in a Finite Element Software. The first part 
describes the experiments developed to characterize the thermomechanical behaviour of a NiTi 
shape memory alloy. Difficulties to analyse tensile tests which often exhibit strong deformation 
localisation are emphasised. Dependences of the tension, compression and shear behaviour on 
the test temperature are then described. In the second part, an elastohysteresis model is briefly 
presented. It is based on physical assumptions which are proved to be compatible with 
experimental facts. The last part describes the implementation of this elastohysteresis model in 
an academic Finite Element Software Herezh. Necking localisation is first simulated. Bending 
simulations are compared with experimental data. 



 
1. INTRODUCTION 
 
The thermomechanical behaviour of shape memory alloys (SMA) is complex. It is essentially 
due to the ability of these alloys to undergo one or several reversible diffusionless solid-solid 
phase transformations, known as “martensitic transformations”. These transformations can be 
thermally or mechanically induced. As they produce almost no volume change, the 
transformations are insensitive to hydrostatic pressure and are thus governed by the deviatoric 
stress tensor for isotropic materials [1]. Existing SMA models can be loosely classified into 
three categories, including microscale models, micro-to-macroscale models and 
phenomenological models. Microscale models aim to describe deformation mechanisms 
(atomic structure change, variants reorientation, twinning/detwinning phenomena). Micro-
macro models generally involve a large number of parameters which are usually hard to 
identify. Their use for structure analysis requires considerable computation power and time.  
Phenomenological models are simpler and can easily be implemented in finite element 
software.   
 
In this last category, we can distinguish three sub-types of models, including models developed 
within the framework of generalised standard materials with internal variables [2,3], models 
using statistical thermodynamics and three-well deformation energy expression [4,5], and 
models based on hereditary constitutive equations [6,7]. The main difference among these 
models is in their descriptions of the hysteresis phenomena. The general standard material 
models use approaches similar to plasticity theory and define forward and reverse 
transformation yields. Non-convex free energy models describe hysteresis as instability 
phenomena. Hereditary approaches consider heuristic symbolic models with springs and 
friction sliders to propose a thermomechanical scheme describing hysteresis [8]. 
 
The aim of all these models is to simulate the thermomechanical behaviour of SMA parts. In 
that respect, experimental studies have to be developed to characterise this behaviour for 
various loading types using homogeneous experiments. Cyclic tensile tests at various 
temperatures are the most performed tests. The aim of these tests is of two-folds. First, they 
allow verifying physical assumptions on which the phenomenological models are based. Then 
the parameters of the constitutive tensorial model can be identified from experimental data. 
Simulation of the behaviour of parts submitted to non-uniform mechanical states is then carried 
out employing an finite element software in which the tensorial constitutive model is 
implemented. 
 
The purpose of this paper is to present such a modelling approach. The first part describes the 
experiments developed to characterize the thermomechanical behaviour of a Nickel-Titanium 
SMA. Difficulties to analyse tensile tests which often exhibit strong localisations during 
deformation are emphasised. Dependence of the tension, compression and shear behaviour on 
the test temperature are then described. In the second part, an elastohysteresis model is briefly 
presented. It is based on physical assumptions which are proved to be compatible with 
experimental facts. The last part describes the implementation of this elastohysteresis model in 
an academic Finite Element Software Herezh. Necking localisation is first simulated. Bending 
simulations are compared with experimental data. 



 
2. THERMOMECHANICAL BEHAVIOUR OF A POLYCRISTALLINE NiTi 
 
2.1 Tensile tests on NiTi and Lüders-like deformation localisation 
 
Tensile tests are widely used to characterize NiTi shape memory alloys. Figure 1 shows a 
typical superelastic tensile stress-strain curve of a near-equiatomic NiTi alloy [9]. Such curves 
are used by manufacturers to characterise the mechanical and fatigue properties of NiTi. Most 
models implemented in finite element software to aid design of NiTi applications and to predict 
their behaviour and performances are based on tensile tests. All the analyses of the tensile tests 
are under the assumption of homogenous deformation.  
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Figure 1: Superelastic tensile stress-strain curve of a NiTi dog-bone shape specimen, 

demonstrating Lüders-like deformation localisation over the stress plateaus for the 
forward and reverse stress-induced martensitic transformation. 
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Figure 2: Evolution during deformation of local strains measured using two extensometers of 

different gauge lengths mounted on the same sample, revealing the localisation and 
inhomogeneity of the deformation. 

 



However, it is well known that NiTi may exhibit strong localisation during deformation via 
martensitic transformation. This is evident in Figure 1 as the occurrence of the stress plateaus 
associated with the forward and the reverse stress-induced transformations. Figure 2 shows 
strain measurements given by two extensometers with different gauge lengths mounted on the 
same sample during one test. It is evident that the two extensometers read different strains at 
any given time and that the strain read from each extensormeter did not evolve linearly at a 
constant rate with respect to the global strain (Y-axis). These observations demonstrate clearly 
the localisation, or inhomogeneity, of the deformation during the deformation via the stress-
induced martensitic transformation. Deformation localisation results in non-equal strain values 
at different locations along the length of the sample. Interpretation of tensile testing during the 
localised stage based on global displacement measurement is inappropriate and only the values 
prior to or after the localisation stage are meaningful. 
 
These localisation phenomena have been analysed and studied extensively using modern 
experimental method [10-13]. 
 
 
2.2 Isothermal Shear, tension and compression behaviour. 
 
Several studies [14-15] have shown that tensile tests are not sufficient to model the 3D 
behaviour of SMA. Other loading conditions are required since it has been proven that the Von 
Mises stress and strain equivalence does not apply for SMAs. In particular, the tension-
compression asymmetry is now well-proven to occur in these alloys. 
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Figure 3: Critical stresses for inducing martensitic transformation in tension (Tra), 

compression (Com) and shear (Cis) as functions of testing temperature for a NiTi 
polycrystalline SMA. 

 
Figure 3 shows the critical stresses in the cases of shear (Cis) tension (Tra) and compression 
(Com) for stress-induced forward martensitic transformation in a NiTi polycristalline sheet as 
functions of testing temperature. It is evident that all three stresses obey Clausius-Clapeyron 
relations [16] with testing temperature for the three loading conditions. The linear coefficients 



of the three relationships are determined to be KMPadTd Cis /11.6/  , 
KMPadTd Tra /5.8/   and KMPadTd Com /26.10/  . 

 
Figure 4 presents the same experimental results in the deviatoric stress plane. The observed 
tension-compression asymmetry has lead many researchers to propose criteria dependent on 
the Lode angle [10, 11], i.e., the Azimuthal angle in the deviatoric stress plane. It is worth 
recalling that all phenomenological models using criteria dependent on the Lode angle assume 
nevertheless an isotropic behaviour.  
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Figure 4: Forward tension (along I) compression (along -I) shear (/6 of I) transformation 

stress intensity in the deviatoric stress plane for T = 35, 50, 55, 60, 65 and 70°C. 
 
3. ELASTOHYSTERESIS MODEL 
 
3.1 Large transformation formalism 
 
The theoretical formulation of the model is written considering large geometrical 
transformations including finite strains. Each material point of the body is defined by three 
convected material coordinates Xi. These coordinates are constant during the deformation of 
the body.  These coordinates can be for example the spatial coordinates of the position 
occupied by the material point M at the initial time. The description is thus Lagrangian and the 
constitutive equations are written using the absolute Cauchy stress tensor  and the Almansi 
strain tensor . Let us consider two neighbouring material points M and M’ of convected 
material coordinates Xi  and Xi + dXi , respectively. At time t, the spatial coordinates of the 
positions of these two material points in a fixed reference frame of vectors 


Ia  are za and 

za + dza, respectively. The vectors 

g ti ( ) of the convected frame in M associated with the 

material coordinates Xi is defined as following : 
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and the square of the distance MM', noted dl²(t) is then : 
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The variation of the square of the distance between the initial and current times is : 
 

 2 2( ) (0) ( ) (0) 2i j i j
ij ij ijdl t dl g t g dX dX dX dX     (3) 

 
gij and ij are the covariant components of the metric tensor G and eulerian Almansi strain 
tensor (t) 
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3.2 From the Duhem’s analysis to the elastohysteresis model. Hypotheses. 
 
As suggested by Duhem [17] and Ostuka et al. [18], the Cauchy stress tensor is obtained by 
adding a second pure hysteresis stress tensor to a first reversible stress tensor [7]: 

   rev hys     (5) 

The stress decomposition is illustrated in Figure 5 for the case of deformation in shear. 
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Figure 5: Decomposition of the stress tensor into reversible and hysteretic components in the 

elastohysteresis model. 
 
 
3.3 Reversible stress. Tension-compression asymmetry. 
 
The reversible stress tensor rev is obtained using hyperelastic theory and thus a density of 
elastic energy Erev. For an isotropic material, this density is taken as function of the volume 
change v, and of the intensity of the deviatoric Almansi strain Q and the Azimuth angle . 
The expression of E has been chosen with respect to the experimental results shown in Figure 6 
[9]. The tension-compression asymmetry is taken into account by writing that the 
transformation stress and strain intensities are functions of the Azimuthal angle as following: 
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Figure 6: Dependence of the reversible stress on temperature at T2 and T1. 
 
 
3.4 Hysteresis stress. Discrete memory. 
 
The hysteresis contribution is always irreversible. It is different than pure frictional stress as it 
is related to the intervention of microstructural phenomena involving dry friction coupled with  
storage of elastic energy. The hysteresis stress hys is assumed to be purely deviatoric and is 
noted  hys . Rheological models containing elastic and slip elements have been considered to 
establish general pure hysteresis model [8] involving the notion of discrete memory. The 
tensorial constitutive equation is then written in the form [19] :  
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In this equation r
t

hys 
   denotes the stress variation between the current time t and a 

reference time noted r associated with a previous inversion .   is the intrinsic dissipation as 
proposed by P. Guélin [13] ; it has to be always non negative (hysteresis is always irreversible), 
this property allowing to determine the inversion points.  is a function of history so that : 

- the behaviour is almost linear with a shear modulus of µohys at the origin of the 
loading and after any loading inversion, 

- the maximum  hysteresis shear stress intensity is ohys, as shown in Figure 7 [8,19]. 
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Figure 7: Pure hysteresis stress in the case of a cyclic shear load. 
 
 
3.5 Modelling of homogeneous isothermal ferroelastic and pseudoelastic shear tests. 
 
Figures 8, 9 and 10 show comparison of experimental results [9,20] and simulation using 
elastohysteresis model for shear tests. Figures 8 and 9 deal with ferroelastic and pseudoelastic 
shear tests including the modelling of loops and internal sub-loops. Figure 10 shows alternate 
cyclic shear tests at three testing temperatures. 
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Figure 8: Isothermal ferroelastic cyclic shear test including loops and internal subloops. 

Comparison between experiments and simulations. 
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Figure 9 : Isothermal pseudoelastic cyclic shear test including loops and internal subloops. 

Comparison between experiments and simulations. 
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Figure 10: Superelastic shear tests at three testing temperatures Comparison between 

experiments and simulations. 
 
 
4. ILLUSTRATIONS. 
 
The elastohysteresis model is implemented in an academic software Herezh [21-22] which can 
be used as a standalone software or can be connected with Abaqus [23] by an Umat.  
 
4.1 Modelling of localised superelastic tensile tests. 
 
A first simulation deals with localisation phenomena arising during pseudoelastic tensile test of 
a rectangular specimen (50mm5mm1mm). Only a quarter of the specimen is considered and 
the vertical right plane and the horizontal bottom plane are imposed to be symmetry planes. 
The initial width of the specimen is assumed to be not perfectly constant. The width of the 
specimen quarter is taken as varying sinusoidaly from 2.49mm at the bottom to 2.5mm at the 
top. The simulation is performed using parameters identified from the shear and compression 
tests [9, 14].  
 



 
Figure 11: . Isovalues of the axial stress and strain during the tensile test. 
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Figure 12 : Evolution of the axial strain (x axis) with time (y axis) during loading for 

three points of the tensile sample located at the bottom, the middle and the top of the 
specimen. 
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Figure 13:  Strain measure given by the extensometer with a big gauge length ( global) as 
function of that one given by the extensometer with a small gauge length ( local). 
Experiment (Fig.2) and simulation in tension. Simulation in compression. 

 
 



Figure 11 shows isovalues of axial stress and strain at a given time during loading. The 
deformation state is not uniform. The axial stress and strain are found to vary between 434 and 
465 MPa and between 1.7 and 5.8%, respectively. During tensile test, simulation predicts that a 
localisation deformation band propagates along the length of the specimen. Due to symmetry 
conditions, this band is perpendicular to the tensile axis. 
 
Axial strains for three points located at the bottom, middle and top of the specimen quarter are 
plotted as functions of time in Figure 12 (axial strain on x axis and time on y axis). It is seen 
that the temporal evolutions of these strains are different, underlining the non homogeneity of 
the deformation during the tensile test. From the simulated displacement fields it is possible to 
know the displacements of the sample points where the extensometers are fixed and thus to 
simulate the measures of the two extensometers during the tensile test. Figure 13 shows the 
comparison of the experimentally determined axial strains shown in Figure 2 and the simulated 
values. It is to be noted that compression test has also been simulated with the same sample 
geometry and the same constitutive equation, and the result is also shown in the figure for 
comparison. It is evident that no localisation is predicted for compression. This is consistent 
with the many experimental observations reported in the literature [14]. 
 
 
4.2 Modelling of bending superelastic tensile tests. 
 
Three-point bending tests have also been simulated and compared to experimental results 
performed on a pseudoelastic beam. Due to symmetry, only a quarter of the beam has been 
meshed using quadratic hexaedrons, as shown in Figure 14. Figure 14 shows the beam shape 
after bending and the isovalues of axial stress and strain. Figure 15 shows the bending load vs. 
displacement at the beam extremity. In the figure two curves are shown, with (i) neglecting 
(thin curve) the tension-compression asymmetry and (ii) taking into account the tension-
compression asymmetry (thick curve). The difference between the two curves is clear, 
demonstrating the necessity to model accurately the tension-compression asymmetry. This 
tension-compression asymmetry leads to non-symmetric axial strain and stress fields in the 
field (Figure 14). The zero stress and strain plane during bending is no more the middle plane 
of the beam. 
 
 



 
Figure 14:  Three point bending of superelastic beam at T= 333 K. Simulation results of beam 

shape and isovalues of axial stress and strain. 
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Figure 15 : Three point bending of superelastic beam at T= 333 K Simulated load vs 
beam extremity displacement curves with the effect of tension-compression 
asymmetry neglected (thin line, (i)) and included (thick line, (ii)). 

 
Figure 16 shows comparison between experiment and simulation for two beams deformed in 
ferroelastic mode (T = 273 K) and in pseudoelastic mode (T = 333 K). 
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Figure 16: Comparison of experiment and simulation for two beams deformed in pseudoelastic 
mode (i) and ferroelastic mode (ii) in three-point bending. 
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