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THERMAL TEMPERING SIMULATION OF GLASS PLATES:
INNER AND EDGE RESIDUAL STRESSES
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Narayanaswamy's model is used to describe the thennomechanical behavior ofglass. It
includes both stress relaxation (to take into account the viscous aspect of glass) and
structural relaxation (to take into account the structure state of glass). The necessary
thermal and mechanical characteristics are given for the float soda-lime silicate glass.
The thermal tempering of thin glass plates is simulated. Transient and residual
stresses are given for the inner part of the plate. Computational results are compared
with experimental results ofprevious works. This comparison validates Naranaswamy's
model associated with material characteristicsgiven previously.
The edge effect (variation of stresses close to the edges) is described for thin plates.
The thermal tempering of thick plates is simulated, and computational results are
validated with optical measurements and a fractographic analysis.

The objective of this work is to provide a reliable computational method for the
simulation of the thermal tempering of soda-lime silicate glass plates. Quenching
consists of heating glass to a temperature above 600°C and cooling it brutally by air
casts. Such thermal treatment induces residual stresses in the plate at the end of
the cooling, thereby increasing the mechanical strength of glass parts.
In previous works, the simulation of an infinite glass plate has been carried out
experimentally and numerically. Both inner and edge effects are analyzed in this
article. The knowledge of residual stresses in the vicinity of edges is very important
in the case of elements loaded in their plane. The main application of these glass
components concerns building structures (beams or columns).
Glass is described as a viscoelastic material. Its behavior varies with time and
temperature. Narayanaswamy's model, which includes both stress and structural
relaxation (influence of the state of the glass structure), is used in this work.
The tridimensional residual stress state is computed using the finite element
method (FEM). First, the model is checked by comparing the residual stresses in
the inner part of thin plates from simulations and literature. The authors found it
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difficult to obtain reliable data for the concerned material. No material datum was
identified, and a sensitivity analysis to material parameters was conducted.
Then, the analysis of transient and residual stresses in the neighboring edges
of tempered glass plates is presented. Inner and edge residual stresses were
measured optically on several tempered glass plates. The heat transfer coefficients
are temper process parameters. A comparison of two optical measurements with
simulation results facilitates the identification of a priori unknown heat transfer
coefficients.
The tempered glass plates were tested up to failure. A fractographic analysis
gives the residual stress on the plate edge that cannot be measured optically.
The edge effect analysis is validated by a comparison of computed stresses with
fractographic and optical information.

THERMOMECHANICAL MODELING OF GLASS
Generalized Maxwell's Model
For a tridimensional solicitation, the stress response (a(t) of a viscoelastic
material can be separated into its volume and deviatoric parts:
Si/ x , t)

=

f'
f'

-0>

l

u(x,t)=

_0>

G(t-t')~ejj(x,t')dt'
at

(1)

a
K(t-t')-,fi(x,t')dt'
at

where aij = sij + u8 jj, Eij = eij + fi8 ij, G = relaxation shear modulus, and K =
relaxation bulk modulus. The generalized Maxwell's model is a rheological discrete
model. It is an association of several Maxwell's models (spring and dashpot in
series). The proposed rheological model of glass is illustrated in Figures 1 and 2 for

Figure I. Generalized Maxwell's model for the deviatoric part.
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Figure 2. Generalized Maxwell's model for the volume part.

the deviatoric and volume parts, respectively [1, 2]. Relaxation shear and bulk
moduli are described with instantaneous and deferred moduli and Prony's series.
For the deviatoric part
(2)

where

Gg = instantaneous shear modulus, and G, = deferred shear modulus = O.

For the volume part
(3)

where

Kg = instantaneous bulk modulus, and K, = deferred bulk modulus.

Stabilized Glass
When its structure is stabilized, glass can be considered a thermorheologically
simple material. It means that the mechanical behavior is the same for different
temperatures; only the rate of microstructural mechanisms changes. The relaxation
function can be determined at any temperature if it is known at the reference
temperature (Tref ) . It consists of a shift of the relaxation function in a time
logarithm scale [3].
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The influence of the actual temperature T can be introduced by means of
reduced time (~), which is defined as

i = 1,2

(4)

Weights W l i and W 2i, defined in G(t} and Kii), are constant with temperature. An
Arrhenius relation allows a correct description of the times of relaxation changes
with temperature [4, 5]:
~(t, T)

=

( ')
ioTT,
t
t

Tre!

dt'

=

it

<I>(T(t» dt'

(5)

0

where
In(<I>(T»

(1 1)

= - -H - - R Tre!
T

H = energy of activation, and R = perfect gas constant.

Structural Relaxation
Quenching is a brutal thermal treatment. During cooling, the glass structure may
not be stabilized. Since glass is sensible to the thermal loading rate, the structure
state must be taken into account. That is Narayanaswamy's model [4, 6, 7].
The influence of the thermal loading rate can be shown by varying the specific
volume with temperature (Figure 3). That phenomenon essentially concerns temperatures close to the transition range between the "glass" and "liquid" states.

Specific volume

T2~ T1f ~ Tl
"

Temperature

II

transition range
Figure 3. Variations of specific volume with temperature for two cooling rates.
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When glass is heated to a temperature T z (point A on Figure 3) below the
transition range, the structure of glass evolves to a stable state characteristic of the
liquid glass (point B). This evolution is the direct structural relaxation. If the
temperature is far below the transformation range, this evolution is too slow to be
visible.
If glass is heated brutally to T, above Tg , the glass state goes to a point below
the "liquid" straight line (point C). This unstable configuration changes to a stable
one; the "liquid" glass state (point D). This process is called reverse structural
relaxation.
There are several possible structural glass states for the same temperature
depending on the cooling rate.
In I946, Tool [8) introduced the fictive temperature (Tf ) to take into account
the structure of glass. Variations of the specific volume with temperature are used
to describe variations of Tf •
• T, = T if T is above the transition range.
• T, = the intersection between the "liquid" straight line and the parallel to the
"glass" straight line in the transition range.
• T, = the intersection between the "liquid" straight line and the "glass" straight
line below the transition range.

A response function (M) is defined by varying the specific volume with temperature as
V(O - I-:, z
- v.: .

Mv(O = V.

0,2

(6)

al,2

where T[ - T z = step of temperature, T, = fictive temperature at T z, V =
instantaneous specific volume, Vo,z = volume just after the temperature change,
and I-:,.z = equilibrium volume at T z.
The dependence of the response function on temperature is given by reduced
time g. Mv(O can be considered the volume relaxation function and can define
variations of the fictive temperature

By analogy with viscous relaxation, the response function can be described with
a Prony's series as

(8)
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The fictive temperature variations are calculated with Markovsky and Soules'
algorithm [9, 10]
t:l.t

Tr,(1 - Ill)

+ T(t}>:

III
1+-

Tr,(l) =

'

Ai

{ IiH[ T1rer -

I-X]}

x

Ai = Ai rer exp -

(9)

T(I) - Tr{t - Ill)

n

L CiTr,{t)

Tr(t} =

i= 1

Structural relaxation times (A) are considered proportional to shear relaxation
times. A dilatometric curve facilitates obtaining their ratio, which has been found
to be very close to 9 [11].
The fictive temperature allows one to take into account the structure state of
glass. All characteristics vary with the actual temperature but also with the fictive
temperature. The fictive temperature is introduced in the reduced time expression
for the variations of viscoelastic characteristics by modifying Eq. 5

) lo'

(

g

I,T,Tr =

( Trer ')
T

T,I

'1'

dt =

0

a(T(t}, Tr(l» dt

,

(10)

where
In(a(T,

x = constant (0 < x

r;» =

H( - 1

- -

R

Trer

I-X)

x - -t,
T

- -

< 1), H = energy of activation, and R = perfect gas constant.

Introduction of Fictive Temperature
The dependency of viscosity on the structure state induces very small variations in
residual stresses. But, the dependency of the density on the structure state has a
much more significant effect on residual stresses (Figure 4).
Variations of viscosity in relation to the fictive temperature are not considered
in our simulations. The influence of the structural state on the density is introduced by varying the thermal expansion coefficient in relation to temperature
E'h

= f3/ T{t) -

Tr{t»

= f3(I)(T(I) - To)

+ f31(Tr(t}

- To)

(11)
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Figure 4. Influence of the fictive temperature
on residual stresses (5).

where f3g = thermal expansion coefficient of solid glass, f3 J = thermal expansion
coefficient of liquid glass, To = initial temperature, and f3 = equivalent thermal
expansion coefficient.

FINITE ELEMENT MODELING
The thermal tempering of glass consists of using air casts to cool very rapidly the
plate that was previously heated.
The problem that must be solved is time dependent. At each moment in time,
the temperature is computed; then the nonlinear mechanical problem is solved.
The nonlinear aspect is due to the viscous feature of the glass behavior.
The temperature of the glass plate is assumed to be uniform at the beginning
of the computation (at a temperature above 600°C). In fact, the surface temperature of the glass plate decreases between the time it is removed from the oven and
the beginning of cooling.

Heat Exchange Boundary Conditions
The cooling is modeled by a forced convection to each face of the plate. It is
characterized by a heat transfer coefficient (h) and air temperature (TexJ For a
glass plate, three planes of symmetry and three forced convections define the
cooling (Figure 5).
The exchange boundary condition by forced convection is written as

where q = heat flow, h = thermal transfer coefficient, T s = surface temperature,
and Text = room temperature.

Downloaded By: [UJF - INP Grenoble SICD 1] At: 15:15 17 May 2008

B,. II~~UDX:,VFI
I"[-, -,AM)

at, C A R R ~

Radiiaiion is ~ ~ c c ~ ~ ufor
n t cifi~ $~ ~ B R C Cc_~g331$plecti0n
L!
a
I
1hmmui trms fc gccxfficien~The n:rcii;s$iajnbour1~3aqcvn~iitioncan bc written as (&4' eqkxiv~ai~aace
with c<3n\cctiofi)

e r e =2
f'h.3~4, uSw
= Stef:jr~-B01txrn;ann"s cc3effieie,*nt,c3 = emf~sivity,'T%=
iurfdcc tcmperaturc, q,,
= morn icmpcratore, and ir,,(rr,,,,
e. T,. 7,,,1 -- equivalent
therx12ai zr;~nsfegP c i c t Thermal r
e e
f
t ;ire ;
I 3
he
cwstkant during te,.n2pcring,

Ir~iercs%iz~g
results arc %hestress stiate i~the rxxidcile c3f the plltte m d i-i~
the carre~f
r
t h
s
3
prsshlt;m th~itneeds t s ~be soived d t - 3 ~
-,not ~lepei~d
_"em
s,
hec,.;nasethe ph%eis cp"~nsidere~i
infinite in tixis ~lis-cetio~~
This is ;I piitae i3rc3131ex11
since it depends uniy ual ,Y and p., Nevcrt!aciess- tritiime,.nasic>~~:tl
eienaen$sa--e uhed
xo ixct>xxntfor the$-nxalcicfarmi$titj~
:tlong z 7
infksite strip i ~ ~ p l i equite
s complicated hnundi$~ycondi'rhc nmc~delingof
tic~as,Then, the temp~ringof an eighth of plate is sixm3al;ited with the finite clement
code & A R C e
m e is refi~edi zones where t e e present high v:~riztions-it4 the thickness of the piate (itl~s~l$
.Y) ared clash: to the edge (along 3;).
The edge effect BS not st~gdledalong x bec;arss: it is similar to &h&;doaxg J , The
tlispiitce~xxe~2t
ht>~laadaqcganditig~f3sthis t are inimdarced arc sy~>~nctxy
cmdititaaas:
x b t is, there is nn dispiaaccn~entperperadicuh the pkane of s y m ~ ~ eBFiyure
t ~ y 51,

Downloaded By: [UJF - INP Grenoble SICD 1] At: 15:15 17 May 2008

675

THERMAL TEMPERING OF GLASS

composition and are difficult to measure experimentally (in particular, for the
viscoelastic characteristics and the thermal expansion coefficient of the liquid
glass).
The six mechanical characteristics of Narayanaswamy's model that are used in
simulations are as follows.

• Elastic characteristics at room temperature [1]
Young modulus
Poisson ratio

E = 7.10 10 Pa
v= 0.22

• VIScoelastic characteristics [1] (Table 1),
• Structural characteristics for the calculation of T, [12] (Table 2).
The energy of activation is not a well-known parameter. The dependence of
glass viscosity on temperature was determined in a previous work [1]. It is an
empirical relation of Vogel-Fulcher-Tammann
Logf n =A

B

+-T-To

= -1.993 +

4003.5

T-542

for T> Tg where

1)

= (Tl)G

(14)

The value of the ratio H/ R was identified by comparing the previous relation with
the function <I>(T) of Narayanaswamy's model
H/R

=

55,000 K

• Thermal expansion coefficient [12]
solid glass (room temperature)

fJ

liquid glass (high temperature)

fJl

g

=

9.1O- 6°C- 1

= 25.1O- 6°C- 1

Table 1 Characteristics of shear and volume moduli
Deviatoric part (T", = 869 K)

a, (10'

Pal

1.5845
2.3539
3.4857
6.5582
8.2049
6.4980

Volume part (K,/K.

~

0.18) (T,et = 869 K)

Tli (8)

s; (10' Pal

T2j (8)

6.65810- 5
1.197 10- 3
1.51410- 2
1.672 10- 1
7.49710- 1
3.292

0.7588
0.7650
0.9806
7.301
13.47
10.896

5.00910- 5
9.94510-'
2.02210- 3
1.925 10- 2
1.19910- 1
2.033
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Table 2 Characteristics of the response function
for the structural part
Structural part

c,

Ai(s)

552310- 2

5.965 10-'
1.077 10- 2
1.36210- 1
1.505
6.747
29.63

8.20510- 2
1.2[510- 1
2.28610- 1
2.86010- 1
2.26510- 1

The thermal conductivity and the specific heat are the thermal characteristics.
They vary with temperature [12].
• Thermal conductivity (W/m.K)
A = 0,975 + 8,58.10- 4 T

where T in ·C

• Specific heat (Jykg.K) [11] (with T in K)
liquid glass (T> Tg = 850 K)
solid glass (T

< Tg )

Cp,l =

1433 + 6.5 10- 3 T

Cp,s =

893 + OAT - 1.8 1O-7/T 2

INNER EFFECT
Experimental studies give the residual stress state in the inner part of thin plates
(0.61-cm thick) [4, 6]. The tempering simulation of these glass plates is presented
and compared to previous works for the validation of the model [13, 14].
Results
During tempering, the temperature decreases more rapidly at the surface than in
the inner part (Figure 6). A thermal gradient appears in the thickness (which can
be greater than 150·C); it implies transient and residual stresses.
At the beginning of cooling, the surface contracts more rapidly than the inner
part, which leads to a compression state at the core and a tensile state at the
surface by equilibrium. The transient tensile stress on the surface can induce
failure at the onset of cooling.
When the surface temperature is below the transition range, the surface
congeals. The core, still liquid, continues to cool and contract. The surface is then
in compression and the core in tension. After several tens of seconds, stresses are
stabilized (Figure 7).
In the middle of the plate, the residual tractions are equal for directions y and
z. Stresses are parabolic in the thickness. The surface compressive stress is twice
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400

300
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TIme(s)

100
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300
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Figure 6. Variations of temperature with time.

higher than the tensile midplane stress (Figure 8). This stress state gives plates a
better mechanical strength.
The characteristic parameter values of the model were obtained from different
works. A large discrepancy in the values can be observed in the literature, possibly
due to the difficulty involved in measuring some characteristics and to sensibility to
the glass chemical composition.
In order to study the influence of characteristic parameter values, a sensibility
analysis is carried out by varying the mechanical and thermal parameters: Young's
modulus (E), the Poisson ratio (IJ), the solid and liquid glass thermal expansion
coefficients ({3g and (3,), reference temperature (Trof ) ' specific heat (C p), and
thermal conductivity (A). The parameters are modified (+ 20%, + 10%,
-10%, - 20%) from a current case: To = 650°C and hi = 280.1 W jm 2 .K.
Variations of residual stresses in the surface and in the midplane are observed.
The Poisson ratio, the solid glass thermal expansion coefficient, the specific heat,
and the thermal conductivity are parameters of less importance than the others.
The variations of the residual stresses are quasi-proportional to the variations of
Young's modulus and of the liquid glass expansion thermal coefficient. The
reference temperature is a parameter of great importance because it controls the
viscoelastic behavior (Figures 9 and 10).

Comparisons with Experimental Works
Experimental results issued from [4, 6] are compared with FEM results obtained
with the previous glass characteristics.
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Figure 11. Variation of stress in the
thickness.

stress increases with the initial temperature until 680°C, where it becomes quasiconstant with To.
This satisfying comparison between computational and experimental results
validates Narayanaswamy's model given the chosen data.

EDGE EFFECT
The goal is the determination of tridimensional transient and residual stresses on
the edge of glass plates where fracture may occur. The inner effect of tempering
was presented for thin plates. The edge effect is now studied, on one hand, to the
same thin plates and, on another hand, to thick plates (l9-mm thickness) for a
comparison with optical measurements.
The tempering parameters are the initial temperature (easily determined
during the induslrial process) and the thermal transfer coefficients (unknown).
Thermal transfer coefficients can be calculated by an inverse analysis.

Results
As for the inner effect, the stress sign changes during tempering on the edges. The
transient traction (uyy) is very high at the comer (point 4). At the end of the
cooling phase, the three points on the surface (points 2,3,4) are in compression
even though the core is in tension (point I) (Figure 13).
In the middle of the plate, the stresses are parabolic along the thickness
(Figure 14). The stress profile in the thickness on the edge depends on the ratio
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Figure 12. Variations of residual tension stress with quenching parameters.

hl/h z• where h, is the thermal transfer coefficient of convection on the plane and
h z is the thermal transfer coefficient on the edge (Figure 5). If h z is below hI' the

traction along z (uzz ) is more important at the corner than in the middle of the
edge. If h z is far above hI' it is the contrary.

Stress zz (MPa)

100

50

T o=6S0·C
hI 280.1 WIm'.K
hz 100 WIm'.K

=
=

100
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\

-50
\
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" -" ---- -----------------------------------,
"">'"
~----------------------------------_.
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--- node 3
---node4

""

·150
Figure 13. Variations of stress

(Tn
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Several measures at different distances from the edge were carried out. The
variations of the integral in the thickness of the difference of principal stresses with
the distance from the edge are given (Figure 17).
Results.
Determination ofthermal transfer coefficients Uniform tempering of a glass plate is
characterized by four parameters:

To

=

initial temperature

h , = thermal transfer coefficient of convection on the plane
h 2 = thermal transfer coefficient of convection on the edge
Text

= temperature of blown air

The initial temperature and the temperature of blown air can be determined quite
easily during the industrial process. For studied thick plates, their values are 620°C
and 20°C, respectively. hI and h 2 are very difficult to measure. These coefficients
will be identified by a comparison of optical measurements with calculation results.
Since the surface residual stress values in the inner part of the plate are only
governed by hI' the Epibiascope measurements allow one to determine h ,

The edge stresses are controlled by both h ; and h 2 • h 2 can be identified with the
Babinet compensator measurement at the limit of the chamfer (point A on Figure
17)

Validation of simulations.
Validation by optical measurements In Figure 17, only one point was used to
determine the thermal transfer coefficient h 2 • Figure 18 shows a comparison of
optical measurements and -computational results from the edge to the inner part.
Validation by fractographic analysis Thick tempered glass plates were tested to
failure under four-point bending. The local failure stress is obtained with the
ultimate load using beam theory.
A semicircular shiny zone (mirror of failure) can be observed in the failure
pattern of annealed glass. The mirror radius, corresponding to a crack branching
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Figure 17. Variations of the integral of the difference of principal stresses with the distance from the
edge.

Integral of the dilTerence of principal stresses (MPa)

120

x
100

I

= 135 WI m'.K

h1

=115 WI m'.K

h

80

60
..... Experimental points
_ Calculations

40

20
d

=Distance from the edge (mm)

5

-20
Figure 18. Variations of the integral of the difference of principal stresses with the distance from the
edge.
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These values of residual stresses must be compared to the mean value of the
compression stress on the edge obtained with calculations: 101.1 MPa (maximum =
108.8 MPa and minimum = 93.8 MPa). The deviation is only about 1%.
Residual stresses. The residual stresses in the inner part of the plate are parabolic
along the thickness, as seen earlier for thin plates. The residual stress value on the
edge of the plate is quasi-constant and slightly inferior to the surface residual
stress in the inner part of the plate (Figure 20).

CONCLUSION
The FEM of modeling glass tempering was presented. The calculation of the
tridimensional residual stress state in the edge regions is necessary for a possible
failure analysis. The use of Narayanaswamy's model to describe the glass thermomechanical behavior is validated thanks to comparisons between our calculated
results and the experimental results of previous works. The sensibility analysis has
shown the foreseeable importance of Young's modulus and the liquid glass thermal
expansion coefficient values on the residual stress state. Among the other material
parameters of our model, the reference temperature is the more sensitive. The

Stress zz (MPa)

o
-9.5

-50
at the ed e of the plate

Figure 20. Variations of u" in the middle and at the edge of the plate in the thickness.
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glass behavior depends on the chemical glass composition, and a slight change in
the reference temperature implies great changes in the residual stresses.
The edge effect can be analyzed using the variations of stresses close to the
edges. The residual stress shape in the edge depends on the thermal transfer
coefficient of forced convection applied in the edge. Two kinds of experiments are
done to validate residual stress values close to the edge: optical measurements and
fractographic analysis.
An experimental campaign was carried out to identify the fracture features of
glass [22]. The lifetime of glass components in building structures can be analyzed
with the presented approach.
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