GENERATION, COMPRESSION, QUASISTATIC
DEFORMATION OF MODEL GRANULAR
MATERIALS
grain-level simulations, micromechanical
approaches

Role of microscopic model ingredients, definition of

relevant variables and control parameters
Jean-Noél ROUX

Laboratoire Navier, Université Paris-Est, France

SCOPEassembling processes for granular packings, isotropiogdometric
compression), elastic properties, small to moderatenstiairesponse to
deviatoric loads.

Model systems: assemblies of spherical beads (or disks in 2D)




Geometric and micromechanical features

e Note periodic boundary condi-
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NP Wwide force distribution)
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Introduce

friction mobilization,

Geometric and micromechanical features
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fabric or distribution of contact orientations
e Displacement fields also exhibit considerable disorder.

e In addition to®, z, xq, force distribution




CONTACT LAWS




CONTACT LAWS: COULOMB FRICTION

Grains interact mainly via a force at the contact point. Nalraomponent
F'n > 0is repulsive in the absence of adhesion, and tangential coemiF -
satisfies th&Coulomb condition

|Fr|| < uFy

Involving thefriction coefficienty.
Little is known in general abouyt (depends on surface properties).

In generalf'y, Fr relate torelative motionof the rigid bodies (away from
contact). Contact laws = solutions to ancillary continuuechmanics problems
for 2 infinite half spaces, in contact in a priori unspecifiedion.

Difficult and sensitive to uncontrolled fine scale featuséthe material



CONTACT LAWS: NORMAL ELASTICITY

Smooth-shaped, convex grains made of elastic matdtial); Hertz law
relateslt'yy to normal contact deflectiof.

. - i
(2 spheres, diameter with £ = E/(1 — v?)) | Fy = ?\)/ahs/z

(Different diameterss- use2aias /(a1 + az)). Corresponds to stiffness
constant

dF'n

E/a 1 ~ 1/3
— | KN — pl/2 — = 1/3 52/3 1/
dh N (34 N

Contact region = disk, radius= %\/ah, normal stress:
~ 3Fy
- 27b?
Contact elasticity often modelled as linear, watlmstant/ .
= Justification? “Limit of rigid contacts™?

(1 . ?“2/[)2)1/2

p(r)



CONTACT LAWS: TANGENTIAL ELASTICITY / FRICTION

Hertz problem + tangential relative displacement, Coul@mbdition applied
to stress vector (surface traction)

Cattaneo-Mindlin-Deresiewicz problem (see contact meiclsditerature)

our = tangential relative displacemest tangential elastic forcg'r.

86U,

Here Fy  first, with dur = 0, thendur varies at constamt’y .

|FT||)”3

Tangential stiffness decreases(a]s— —
plN



CONTACT LAWS: TANGENTIAL ELASTICITY / FRICTION

Initial stiffnessK 7, asdur increases from zero:

K = <

OFT
6(5UT)

2 —U

_2—2V

) 5uT:0

Ky (h)

If Jur decreases, a different unloading path is followed whilenater
annulusr > ¢, ¢ > cthere is slip in the opposite direction< ¢ < r <b

LIRS 0.
BRI
o"o%":‘o?"“’“’l‘i“t‘ot’:”":‘;’o
KKLKESP2L !@T»‘T!@'*%W.
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CONTACT LAWS: TANGENTIAL ELASTICITY / FRICTION

Moreover, if bothh anddur vary simultaneously, stress distributions and
forces argath-dependent, even without any local slidipg= +o0) !

(a) (b) (<)
oadpath | 0 Uy 0 v, 0 Y,
1 1
l"I'I 2 un 2 “n 2
qualitative
uon!u.'l
traction
e | I | 4
9n
qualitative
oy
ascvion | gy | A | A
9

(Elata & Berryman 1996)

=- simplification: use tangential stiffne$s; (/) independent ofu
Linear tangential elasticity — constaht, — also often implemented in models.

In calculations, incrementally updake- and project back onto circle of radius
1 Fn in tangential plane if needed
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VARIABLE TANGENTIAL STIFFNESS AND ENERGY DISSIPATION

Hysteresis in contact elasticity should imply energy ghigs8on, not creation!

04 o 04 -
1 Ui Ut
1 4 1 2
2 F:' 3 4 3
y Up Up
(D (II)

(Elata & Berryman 1996)

= solution: rescalé" with K1 (h) when it is decreasing, and not when it is
Increasing (overestimates dissipation)



TANGENTIAL FORCE EVOLUTION IN GENERIC SITUATION
General motion of two contacting grains involves:
1. global motion as one single rigid body
2. relative displacements at contact poipur) — AF N, AF 1
3. rolling (relative rotation about tangential axis)
4. pivoting (relative rotation about normal axis)

How should elastic componeht move with the grains (effects of 1, 2, 4) ?
Very little information in the literature!

Should remain tangent and follow rigid-body motion (obipaty)

Possible solutionF' follows rolling motion of normal directiom and rotates
aboutn with average pivoting rate of both grains

11
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CONTACT FORCES: VISCOUS DISSIPATION

One most often adddascous termgo elastic component8y, F 1, opposing
relative velocities)Vy, 0V r:

F}\)f = —04N5VN qujﬂ = —CMT(SVT

Linear contact elasticitys- restitution coefficients y;, e determined byy's.

Defining¢ = an/ay, critical valueay, = 2v/m* Ky with m* = ;22

eN = exp ﬂ

Choice of 'y, = —25\/m*KN(FN)(5VN with Hertz contacts also yields a
velocity-independent restitution coefficient.

In general, viscous forces or restitution coefficients usesimulations do not
rely on physical models

Choice: add viscous components to elastic ones and enffce 0 in
Coulomb condition, or apply inequality to elastic forcesyon
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A PAIR OF GRAINS IN INTERACTIONS : LIST OF PARAMETERS

e Geometry and inertia: diameter massn, moment of inertia,
polydispersity parameters

e Contact law:

" e
A e

(cer missing on the figure)K  + depend on forces (or relative
displacements) in general.

e Other possible ingredients (will be mentioned later): s&sice to rolling,
adhesion

e Many poorly known effects influence dissipation



DIMENSIONLESS CONTROL PARAMETERS

Use of dimensional analysis in order to reduce the numbeaiameters !
Results in dimensionless form depend on data in dimenssritgm
With material parameters + confining pressirestrain rate:,

Reduced stiffness. “Interpenetration” (= contact deflectiohYa ~ k=1 :
r = (E/P)?/3 for Hertzian contacts in 3Dk n /a®~2P for linear law with
In d dimensions (a = diameter)

Glass beads, 100 kRa k ~ 8400 if £ =70 GPa,v = 0.3

Friction coefficient (0.2,{0.3]...1 ??)

Kr/Ky orv
Viscous damping leve]

Reduced strain rate or inertia numbet ¢\/m/aP.
Quasi-static lab. experiments I ~ 10~
Numerically: I = 10~° already very slow and cautious!

14
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Important limits to be investigated

e Quasistatic limit: I — 0 (or Aq/p — 0 if applied deviator stepwise
Increased)
Is I or Aq/p small enough ? Do dynamical parameters become irrelevant ?
(inertia, viscous forces)

e Rigid limit: k — +oo. Stiffness level irrelevant ? Rigid contact model
possible ?

e Large system limit: N — +oo0.
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Maximum density of identical particles =- regular lattices
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z = 6 on perfect “crystal’ lat- 2z = 12 on parfect lattice.
tice, unstable to perturbations CFC ou hexagonal compact ou hybrides...

“Crystallisation” iseasy “Crystallisation” isdifficult

In practice avoid equal-sized disks (form spontaneoushtgeneric, ordered
patterns)

In 2D, @max —

Equal-sized spherical balls form disordered assemblidsgéneric properties



DISORDERED PACK OF IDENTICAL BEADS
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CUT BY A PLANE

o difficult to measure: directly (even with sophisticated tomographic
techniques, cf. Astet al)

e Here® ~ 0.639 or 0.64 = random close packin@RCP)solid fraction,
maximum value for disordered systems. “Order parametdraiacterize
evolution to crystal patterns on applying repeated shaké&sg@e numbers
of shear cycles.

18



Bounds on coordination numbers

e Upper boundn the rigid limit (v« — +o0) (spheresz* < 6, disksz* < 4)

e Lower boundfor z* frictionless spheres or disks (recatl = z /(1 — xg)),
identical

e Lower boundwith frictional grains?
Assumek = 0. Then, (V* = N(1 — xg))

z*d  d(d+1) k h
— > — > )
5 5 +N*_N*_O = |z >d+ 1

A correction due to mechanisms obtained with spheres:

. Sphere 1 mobile, 2 and 3 fixetl.= k£ = 1.
1 If x5 = fraction of 2-coordinated grains,

- >4 — 219
(b) 3(1 — xp)




Distribution of contact orientations (fabric)

8 T T T T T T T T

|sotropic = flat distribu-
tion

Continuous line = order 4
Dotted line = order 6

¢ = coordination number

¢ P(cos0)

0 1 | 1 | 1 | 1 | 1
0.0 0.2 0.4 0.6 0.8 1.0

P(coso)

Axisymmetric casésystem deposited under gravityj(cos 8) even, restricted to
interval [0, 1], expansion in Legendre polynomials:

3cos?l —1 35cos*@® — 30cos? 0+ 3
P(cos@):1—|—b2 COS2 by COS 8(308 + n

by = [<cos2 o) — %] by = % {35 [((3084 o) — %] ~ 30 [((3082 o) — 1] } N

3

20
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Other variables and characteristic features of granular sytems in equilibrium

Probability density function for normal or tangential ferealues: often

measured, described, attempts at predictiof¥.Fy ) typically flat or slightly
Increasing below Fy ), decreasing (roughly exponentially) above. Shape may be
characterized by reduced moments

24) = {rigs

Friction mobilization: typically larger for small forcebadn for large ones

Connectivity (distribution of number of contacts amongigsax,, x2, x;,
i =3,4...)

distribution of interparticle gaps. If cumulated z(h), coordination number of
neighbours at distance h

Force values observed to correlate over distance of sewexal 0 diameters
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Relation between contact forces and stress tensor

Consider a plane surface areaA cut through granular sample at= z,, unit
normal vectom (oriented upwards; 7).

J(z9) = momentum transferred from lower park z, to upper part > z, per unit
time = (kinetic contribution) + (contribution of force$;(z)).

In equilibrium,J = J ¢

ThenJ(zp) = Ac - nor, for coordinatey, J*(zg) = Ao,

J(ZQ) = Z Fz’j

’l:|Zi<Zo,j | Z5>20

Macroscopic stresses vary on scale> a = average over positiogy (a < | < L)



1 Zo—|—l/2
Aa-n:—/ J(z)dz
Zo—l/2

1
=5 > Fij(z

|Zi—Zo|<l/2,|Zj—Z()|<l/2

1
2 > Fij[(r;

|Zi—Zo|<l/2,|Zj—Z()|<l/2

— Z'z,)

—r;) - nj

whence for a sample of volunmié in uniform state of stress:

1 1
gzvz§ Z F,;Qri |,

i=1 J, JF#1
with ri; =r; —r; Or

2:% Y F,or;

1<i<j<N

- Z FL)0)

z<j

23



Average contact force and pressure

With spherical grains;; andn;; are parallel. In dimensioad = 3 or 2

dzg”’_dVZFNR + 1)

1<
s alN¢ , N
N, contacts, grain diameter = P = i “(FY)
Contact densityV,. /V also writesz® /(2v) with v = wa?/(2d=volume of one grain.
Therefore,
N mad!
F) = P.
=5
With different diameters, assumid@’) (R; + R;)) = (F")(a),
po )
Z(I)FN <CL>

Accurate formula for moderate polydispersity (say, diaaneitio below~ 3)

24



Some useful quantities in packs of Hertzian beads

e Typical contact deflection

(h3/2>2/3 31 P 2/3 I 2/3 »
() (&)

e Average contact stiffness

31/3

61 = S0 o 2 s = Lo

2P
e Maximum pressure within contact transmitting normal fofGe

Pmax 2 X 31/3 Fy Ve —1/2
E R 7T2/3(ZCI>)1/3 <FN> R

e Maximum shear stress near contact transmitting normal fBree

Tmax .31 2m3 (if 1, — (0.3)
E E

Material elastic moduli, amounts of damage, etc... indepdrafen

1/3
)a

25



ASSEMBLING PROCEDURES



27

Numerical assembling procedures (no cohesion)
1. ldealised methodgo explore range gbossible configurations, all perfectly isotropic
2. Simulation of one laboratory methocbntrolled pluviation
3. Other deposition processes under gravity

Numerical preparation of isotropic configurations (no cohesion)

2 procedures:

e |sotropic compression of a “granular gas” (no contact sfwaction® = 0.45)
Apply P = 10kPa requestl < 10~%, until equilibriums = 39000 for GB. Both ®
and coordination numberdecrease ag . One may usey < .

— Classical trick to get a dense state: uge= 0 (state A).
— 1o = pu = looser state D
— uo = 0.02: imperfect lubrication, B

e Compactiorvia vibration=- different dense states, C. Dilate configuration A (coord.
x A > 1), then vibrate (kinetic energy) and then compact( 0.3).



ldeal, isotropic assembling proceduresour results with I. Agnolin)

Herep = 0.3 Friction mobilisation:

M, — <%> for Fy > (Fx): M, — <§—;> for Fiy < (Fy)
Procedure o z* xo (%) 29 (%) Z(2) M, M,
A 0.637 6.074 1.3 0 1.53 0 o)
B (1o = 0.02) | 0.6271 5.80 1.65 ~107* 1.52 0.016 0.018
C (A =1.005) | 0.635 4.56 13.3 2.64 1.66 0.135 0.181
D 0.593  4.546 11.1 2.39 1.58 0.160 0.217

o > ®p butz) < z5. © andz* independent for isotropic states

vibration procedure— low coordination in final equilibrated state

28
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The random close packing statd , * ~ 0.639)

e frictionless contacts in assembling stageapparentlyunique (isotropic)
state independent on dynamical parameters and proceast drfough

e enduring agitation ai.5 < & = 0.5 < 0.6 — partial crystallisation

e stable equilibrium of rigid, frictionless objects = locamsity maximum
In configuration space. Thus
To increase density, reduce or circumvent friction

o 2" =2/(1— xp) equal to 6 for spheres in the rigid limit— +oo
(consequence of isostaticity)

RCP= frictionless equilibrium state, far— oo, isotropic, assembled on
minimising crystallisation

Laboratory assembling processes are rather fast (sinmardcales as
numerical compression)



The random close packing state

0.64 ! ! ! ! ! ! T T T T T T I T T T T I T T T T
i e A, n=4000, n=1372 7
. = A’, n=4000 i
-- OSLN regression
0.64r -
e[ } )
0.635 ! \i T .
O 6 I P SR TR TR AN TR TR SR TR T SO TN TR SO AN TR N S T L
' 0.01 0.02 0.03 0.04 0.05
1/2

A = fast compression, frictionless. A" = longer agitation

(Lubachevsky-Stillinger algorithm)
OSLN =results by O’'Herret al., 2003, different simulation method, Dots =

DEM preparation.
A more ordered than A.
With bidisperse systemseparatiomather than crystallisation.
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Geometry of sphere assemblies: interstices

Gap-dependent coordination number:
number of neighbors at distaneeh.
Here rattlers have been “stuck” to
backbone to get a fully defined pack-
ing geometry

0 T ‘O.l‘ “ ‘0.2‘ “ ‘0.3
h/a
Results forh /a < 0.04 not determined by density, still inaccessible to direct
measurements (X-ray tomography, Astal. 2004, 2005 : accuracy of
~ 0.05 X a)



“Ideal” isotropic assemblies

No dependence on dynamical parameters (if compressioovisesiough,
sayl < 10™%)

Definition of random close packing
Enduring agitation induce ordering or separation by size

Coordination number and density can vary independentlydetattable
In 3D systems by direct visualisation

32



33

Controlled pluviation : principle, control parameters

Grilles

| Couche agitée

Echantillon
granulaire

Couche
statique

e Constant height of free fall
H, = dimensionless ratio

e mass flow rate per unit areg,
controlled from upper reservoir
outlet
= reduced flow rate

_«
Ppr/0g

Q*

e agitation in superficial layer, ap-
proach to equilibrium below

e Finaldensity”asH;  andas
Q" "\



Distribution of contact orientations (fabric)

8 T T T T T T T T

|sotropic = flat distribu-
tion

Continuous line = order 4
Dotted line = order 6

¢ = coordination number

¢ P(cos0)

0 1 | 1 | 1 | 1 | 1
0.0 0.2 0.4 0.6 0.8 1.0

P(coso)

Axisymmetric casésystem deposited under gravityj(cos 8) even, restricted to
interval [0, 1], expansion in Legendre polynomials:

3cos?l —1 35cos*@® — 30cos? 0+ 3
P(cos@):1—|—b2 COS2 by COS 8(308 + n

by = [<cos2 o) — %] by = % {35 [((3084 o) — %] ~ 30 [((3082 o) — 1] } N

3
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Simulating the pluviation process: results

anisotropic statexharacterised by distribution ebs 6, # = angle between
normal to contact and vertical direction

Homogeneity: same state, apart from stress level, exceptaadtom or top
Wrong if H,, not constant !

Under agitated upper layer, nearly quasistatic oedomednapression
Influence of viscous dampindpad news !)

Difficult to compare with experiment (damping + shape/sizbaads)=
compare mechanical properties !

Coordination and fabric conserved on isotropically cormpireg

Moderate fabric anisotropy and rather large coordinatianimer (closer to A
than C in dense states) with “reasonable” choices of danymangmeters
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Final state (simulations).

contraintes o,

0 10 20 30 40 50 60
60 & ‘ T ' T ' T J | |
surface libre 1
BN ¥ _c_: ______
50 ?B& : 8 ——-» COUcCrie nuiage
e -‘\ \ - \ d = (L% + AD
W S 7] Gx = cSz
E 30 — . .
N 0o L ’ massif homogéne
- X -
20 " o, 1l O=9+AD
0
o~ K, o, , K <1
10 .
]
N
0 | ] ‘
0.0 0.2 0.4

compacite @
organisation a proximité de la paroi

Density is fixed once material is buried under surface, “fliager.
on /o, decreases from 1 (fluid) thy < 1. Fabric anisotropy as shown previously
numerical results: S. Emam



Less controlled pluviation

55 L I ~_“§I‘ I ) '\ I ] I
1 —— i
40 - | ——C50: .
@, = 0.635+/- 0.003
s 3O — V55 (H:/=55): -
N @, = 0.631 +/- 0.007
20 | V70 (H; =70): _
@, =0.635 +/- 0.004
10 [~ |==== ® = 0640 (1-0.086 e 2> ¥ =
o T T 1 1 ‘ 1 1 . |‘ T . |
0.60 0.61 0.62 0.63 0.64 0.65

compacité ®

Drop the grains from fixed height (ree larger density at bottom, wheré; is
larger.

Dotted curve = pluviation results with varying,

Blue = controlled pluviation result
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Fabric in 2D

Angular distribution of normal vector orientation at castep(6) is w-periodic

If system is symmetric about axis= 0, p(#) is an even function, whence a Fourier
expansion as

1
p(@)=— |1+ Z ay cos 2k6

2
E>1

Coefficients are given by, = 2(cos 2k6).

(n®n) = 2 4




Some results on 2D granular layers under gravityG. Combe)

B
S

Extreme fabric anisotropy, fitted with 2 coefficients @nday)
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Some results on 2D granular layers under gravity

1 ! ! ! 1
} 1 1 %r
0.8 e - 0.8 e
<>é 06 }7}7(—‘1 ‘ T é 06 }17‘ } }1‘}‘ 14“
e I £ i { ’
>-E F% ! > ir —
= S L
> 04 »—g T > 04 : 'Hil% ,
— P | ‘
| }7“ % N
0.2 e - 0.2 ﬁg
% =
0b=———— 0 ‘ -
0.8 0.81 0.82 0.83 0.84 0.8 0.81 0.82 0.83 0.84
o o

Unlike grainwise deposition (left), bulk dumping (righ8sults in inhomogeneous
solid fraction. Wave propagates upwards after pack hitstsaie.
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Some results on model cohesive powders (2D)
(coll. F. Gilabert & A. Castellanos, Seville)

Additional ingredients in contact law: Adhesion...

N +N°
1 1

(a)

... and (possibly) rolling resistancéi-, I' at contact limited by: N¢, resp. .. N €

= a contact withdeflectionh, such thatV = N, — Fy = 0 can resist tangential
relative displacement and rolling- enhanced effects of friction and rolling friction
Physically,u.,- (length) is of ordel (distance between asperities)



Effects of cohesion

Let grains “stick” to one anothee(g.,ballistic aggregation), until a
macroscopic aggregate has formed, then apply externaurees- very
loose states

Geometry studied in colloid aggregation models... now one stayy
mechanicsas well!

Importance of irreversible compaction (“consolidatiomvai) under
Isotropicloads

. Cohesion dominates

Behaviour ruled by reduced pressuré” —

for P* < 1, external pressure dominates 8t > 1 (similar, then, to
cohesionless case)
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Preparation method: aggregation versus compression

70 -

<
>
q 60 —
=
+~
Q
®
H
o 50 -
e
[02]
! 2
| —— method 1
0 ! - — - method 2
T - ¢
A B, C,
30 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500
time (T,)

(1) Direct compression of isolated grais dense configuration

(2) Aggregation first, until only one cluster is presentjtitcempression to
P* =0.01 = looser state.

To = /ma?/Fy. Note long equilibration times.
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Loose structure under P* < 1

Repulsive and attractive forces of

& <« orderE, nearly compensate.
i R O : :

G s A Blue lines, grey disks = unstressed
) ‘}”y )

D
I’&‘.
S,

regions

017 4
SO (3
S5k
ONRY;

3
.A
00X
.y

wa
) 8y
N K,

J 9]

4

i.~‘

<K >
i’;}":i‘: ':'%’1
Fractal structure below length (“blob

size”) ¢ ~ 510 10a

Fractal dimension of ballistic aggre-
| gation processdr ~ 1.55) with
50 “  small RR, different without RR.

06D

) S S5
I

S 0
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With RR (left) thinner “arms”, smalled

In ballistic aggregation aggregates are undeformabldsaiind form without
loops=- z = 2. With RR the degree of force indeterminacy is the number of
Independent loops of the contact network.
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Coordination number

Force networks: small RR, effect of initial energy

[ =aoru, =0.5a

35 T T i
N ey = Compare initial agita-
—* Kn=10" F/a tion velocity V, to “es-
30F—a—Kn=10"Ffa| T AT locity” f
= 10° F Ja cape velocity” out of at-
tractive potential
e 7/ BN Geometric rule retrieved
only for slow Initial ve-
ol e ] locities in the limit of
| ! ! ! rigid contacts
0,0 0,3 31,6 316,2

1, (.- irrelevant for ini-
tial assembling phase in
that limit
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Some conclusions on preparation process of solid granulaasiples

Density alone not enough to classify packings: coordimatiomber may
change a lot for dense samples Extreme cases obtained catiliged)
lubrication and with (idealised) vibration

Compacting = avoiding the effects of friction

Moderate anisotropy in simulations of pluviation (coordioa similar to
partially lubricated case)

Cohesive systems exhibit a much wider variety of structuoes loose
structures with different degrees of branching... Assemgldiage bound to
depend on effects of surrounding fluid in practice
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